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Abstract
Conventional internal combustion engines use a simple four-stroke cycle with an
approximate sinusoidal piston trajectory. Attempts at increasing engine efficiency have
been made by analyzing the problem from simply the thermodynamic viewpoint, but the
mechanism of the engine has remained the same. Increased efficiency, though, can also
be achieved by changing the timing and displacements of the strokes, in effect making
each of the four strokes unique. Work has already been done at determining the optimum
piston trajectory for various given engine speeds. The goal of this project is to
. kinematically synthesize various mechanisms which are capable of producing the desired
motion. The resulting engine should have higher fuel efficiency, a cleaner combustion
process, and, thereby, lower emissions than for a comparable standard engine. The
mechanisms investigated include non-circular planetary gearing systems and six-bar
linkages. Kinematic solutions were determined for a one-to-one, sun-and-planet gearing
system and a three-to-one, ring-and-planet gearing system, including non-circular gear
profiles. Kinematic solutions were also determined for an Atkinson Cycle six-bar
linkage. Mass-balancing of the proposed engines to reduce shaking and bearing forces
has also been performed to result in acceptable yet novel piston engine configurations.
Chapter 1
Introduction
Improvements in the internal combustion engine have certainly been made
throughout this century. Obvious areas of improvement have received much attention,
such as increasing efficiency through refinement of the purity of the fuel, lowering energy
lost by incorporating adiabatic engine principles, and by reducing engine friction. These
gains can be achieved through new engine designs, or by the use of new engine
lubricants. Even when engine design has been used to increase engine efficiency or
performance, the basic linkage mechanism of the engine (apart from the Wankel
Configuration) has remained unchanged. However, increases in engine performance need
not come only from efforts to make the design run more smoothly.
The basic mechanism of the standard internal combustion engine is, itself,
inefficient. The motion of the pistons in a conventional engine is specified by a standard
mechanism (slider-crank). This motion, though, might not be what the combustion
process would require for highest efficiency. Therefore, it is in this unexplored area in
which additional increases in efficiency may be found, through determination of the
optimum piston motion for the combustion process. To exploit these possibilities a new
kind of piston motion must be produced, which will require a new kind of mechanism.
2
1.1 The Conventional Internal Combustion Engine
Conventional internal combustion engines employ the concept of a very simple
slider-crank mechanism. The slider refers to the piston while the crank refers to the
crank-shaft of the engine. A foill-cylinder engine would be composed of four of these
mechanisms with their cranks all connected tCt:ilie same shaft but with each crank set at a
different quarter of the rotation. A diagram of the mechanism is shown in Fig 1.1.
The output (piston displacement) as a function of crank rotation IS nearly
sinusoidal for the conventional engine. As shown in Fig. 1.1, the displacement curve
produces two full strokes in one revolution of the crank. However, the engine's operation
requires four distinct strokes in one combustion cycle: the fueVair intake stroke, the gas
compression stroke, the power or expansion stroke, and the exhaust stroke. Due to the
limiting design of the-conventional engine, the intake and power strokes both have the
same piston motion, as do the compression and exhaust strokes. This puts a rather large
constraint on the combustion process. In essence, it forces the motion of the piston to
repeat itself within a single combustion cycle. In addition to this constraint, there is also
the constraint of stroke timing. All four of the strokes are delegated one half of a crank
rotation. And finally, there is no provision in the mechanism for different kinds of
motion for different engine speeds. These characteristics and constraints are inherent to
the slider-crank mechanism. To be rid of them a new mechanism with different
characteristics must be chosen.
3
Connecting Rod
/(p
Slider --.----__..
......
r-·-·-·_ .. ·· .. ·1
i ._" !i C.J !
I • I
LJ
L._._._._._ .:
Full Rotation Cycle:
Two Strokes
Crank Rotation
Figure 1.1: Standard Combustion Engine Mechanism:
Crank & Slider
4
1.2 A Fully Variable Stroke Engine
If the combustion process is thought of as a complete cycle consisting of four
strokes, it stands to reason that the four-stroke cycle, if conducted as efficiently as
possible, would be unique, not repeating itself for different strokes within the cycle until
the entire cycle is completed. This requires the four strokes to have unique
displacements. At the same time it cannot be assumed that equal division of the rotation
between the strokes is the most efficient timing. In general, the plot of the most efficient
piston motion will have two distinct, unequal maxima and two distinct, unequal minima.
It is required that there be only two of each because they represent the top-dead center
and bottom-dead-center piston positions, respectively, which occur in between the four
strokes. A general plot of the piston motion would look something like that of Fig. 1.2.
Another assumption that fails is that the most efficient motion is the same no
matter what the engine speed. As it turns out, a different general piston motion is desired
for each different engine speed. A mechanism that could produce precisely the desired
motion for any given engine speed would be incredibly complex, if indeed it is possible.
However, the change in the desired motion from one speed to another may be close to
just a change in magnitude of the piston displacement. While not producing precisely the
desired motion, this is still an increase in efficiency, and the design is 'at least
conceivable.
5
Cylinder Head
--_ _._.__ __ _.---I-~-
Intake
Stroke
k:ompression:
. Stroke i
Power
Stroke
Exhaust
Stroke
Crank Rotation Angle
Figure 1.2: General Piston Displacement Trajectory
for the Variable Stroke Engine
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The aforementioned engine could accurately be termed a variable stroke engine,
variable in every way to produce the highest efficiency. The purpose, though, of this
thesis is to examine only the most efficient motion at a single engine speed. Technically,
such an engine cannot be accurately referred to as a variable stroke engine, since each
individual stroke will not vary with engine speed. Rather, it may be more properly
referred to as a non-uniforrn-stroke engine.
1.3 The Non-Uniform-Stroke Engine l
The general plot of the piston trajectory for the non-uniform-stroke engine is the
same as the true variable-stroke engine, as shown in Fig. 1.2. The difference will be that
the plot will be unchanged for a change in engine speed. As a result, the most efficient
operation is only achieved at the speed for which the engine was designed.
One of the mam features that determines the most efficient design IS the
compression ratio:
Eg. (1.1)
The position of the cylinder head (Fig. 1.2) in relation to the piston defines the distances
c; and cf' Another main design concern effecting the efficiency is the length of the power
stroke, and the effect it has on the amount of work that can be extracted from the
combustion of the fuel. Both of these factors will be discussed in Chapter 2. The point to
be noted here is that once the sizes of the strokes have been decided upon, no variation is
7
allowed in the non-uniform-stroke engme. However, the relative values of these
distances may be designed in such a way that would not have been possible with the
standard engine.
Bearing in mind the goal which has been set, and the constraints which will be
inherent to the solution, the procedure toward that solution entails the following steps:
Determining the Most Efficient Piston Trajectory
How, exactly, is the most efficient piston motion found? What choices will be
made in narrowing the problem from one requiring a true variable-stroke
solution to the simpler case of the non-uniform-stroke solution? These
questions are answered in Chapter 2.
2 Selecting an Appropriate Piston Trajectory Function
With the specifications of the desired piston trajectory known, an appropriate
function possessing those attributes will need to be chosen. This will be
accomplished through curve-fitting in Chapter 3.
3 Mechanically Reproducing the Desired Piston Motion
What are the possible mechanisms which can produce the motion required by
the non-uniform-stroke engine? Different mechanisms will be explored to this
effect in Chapter 4.
4 Determining the Kinematic and Dynamic Details ofthe Selected Mechanisms
In depth analysis and application of synthesis to the selected mechanisms is
examined in Chapters 5 and 6.
At the completion of these steps, solutions for the non-uniform-stoke e~gine will be
."....
obtained. This should be recognized as a fundamental step in the process towards a
complete solution for a variable-stroke engine.
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1.4 Prior Work
There are two major areas of previous work. The first could be considered the
counter part to what is being attempted here. Work has already been done in designing a
variable-stroke engine, that is, an engine that varies displacements for different engine
speeds [4]. What this engine did not have, though, is four unique strokes. This design
used a standard engine plot profile which varied in magnitude with differing speeds.
After a solution to the non-uniform-piston problem has been found, the next step would
be to somehow combine that design with the variable-stroke, standard engine design to
produce the true variable-stroke design of Section 1.2.
The other area in which previous work has been done is in determining the most
efficient piston motion. Naturally, this work is a necessary first step to solving the
non-uniform-stroke problem. Chapter 2 discusses the procedures used in finding, and the
results obtained for, the most efficient piston motion. Once the ground work has been
laid, and a specific goal (the desired piston trajectory) has been produced, attention will
be turned to finding the mechanisms to achieve that goal. This is the main thrust of this
thesis.
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Chapter 2
Optimum Piston Motion
Several factors need to be considered in order to determine the most efficient
piston motion. These include engine speed, heat transfer through the cylinder walls,
piston friction, and energy released from the combustion process. A result was achieved
through an optimization process which maximizes the total useful work.
The design variables for producing the piston trajectory are reA' eB,eo R" Dexp, B,
ed, most of which are defined in Fig. 2.1. The parameters B (the bore of the piston) and
e/G (the ignition timing angle) are not related to the piston trajectory, but they do have an
effect on the efficiency. The productive work produced by the engine can be expressed as .
Eq. (2.1)
where A is the area of the piston, p is the pressure in the combustion chamber, Vp is the
piston velocity, a is a friction coefficient, n is the engine speed, and e is normalized
time. The productive work, J, is the value which is to be maximized. The design
parameters will have an effect on the combustion process and, thereby, on the value of the
criterion, 1.
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A simple flow chart of the process is shown in Fig. 2.2. As shown, the design
parameter values are inputs into a process which produces a trajectory possessing the
desired design properties. That piston trajectory, see), is then passed to a combustion
algorithm which calculates the work produced, J, for a given engine speed and
configuration. The work, J, is then passed to the optimizer. The optimizer considers J to
be a function of the design parameters, and as the loop continues, it proceeds to maximize
the function, J, within the domain of the design parameters.
Determination of the complete trajectory was accomplished using four distinc~
polynomials, one for each of the four strokes. For continuity of the plot it was required
that the end conditions on each stroke be maintained up to the third derivative. However,
construction of the piston trajectory need not make use ofpolynomials. Another option is
a finite trigonometric series function over the entire period, 't. This has the advantage of
continuity in all derivatives and is the choice of preference throughout this paper. At
first, this may seem to be an inconsistency, by switching from the one method in the
previous work to another method in the current work. As it turns out, though, the only
important aspects of the piston trajectory are the values of the design parameters. The
precise function which governs the motion in between the dead centers is not important,
as long as it is relatively smooth and has no points of zero slope in between the dead,
centers.
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Engine Speed: 1500 rpm 3000 rpm 4500 rpm
8A 573° 58.1° 62.8°
8n 86.0° 88.0° 82.2°
8c 126.8° 124.0° 125.1°
8D 90.0° * 90.0° * 90.0° *
8lG 9S 14.7° 21.4°
B 12 em ** 12 em ** 12 em **
Sinl 436 em 436 em 436cm
Sexp 11.2cm ,,9.07 cm 7.11 cm
* min. constraint bondary ** max. constraint boundary
Note: 't = 3600
Table 2.1: Parametric Results Corresponding to Fig. 2.3
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Figure 2.3 shows the resulting optimized trajectories for three different engine
speeds and compares them with the trajectory for a standard engine. The order of the
strokes in Fig. 2.3 is as follows: compression, power (expansion), exhaust, and intake. It
is important to note here that the period, 't, in Fig. 2.3 is one combustion cycle. This does
not correspond to one revolution of the engine shaft. The combustion optimization was
performed under the assumption that the mechanism which would eventually produce the
motion would be somewhat similar to the mechanism of the conventional engine. That is
to say, it was assumed that the mechanism would complete one combustion cycle in two
rotations of the crank-shaft. As you will see in Chapters 4, 5, and 6, this does not need to
be the case. In fact, none of the mechanisms which were heavily investigated were of the
assumed type, but rather complete the full combustion cycle in only one crank rotation.
To account for this discrepancy, it is necessary to have a two-to-one constant ratio
between mechanism crank rotation and the engine shaft rotation, e.g. the mechanism
should be run at 1500 rpm for the 3000 rpm case in Fig. 2.3.
An interesting observation from the graph in Fig. 2.3 is that the main difference
between the optimized plots for the three different speeds is the length of the power
stroke. Also, this long stroke is completed in less than a quarter of the period. This long
stroke results in greater cooling taking place in the cylinder during the stroke, in effect
drawing more work out of the hot gases. At the same time, the speed of the stroke being
very fast allows less heat transfer through the walls, which translates into less energy lost.
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Note that the power stroke length decreases as the engine speed increases. The
reason this is so can be explained by the energy trade off that occurs between work done
by the combustion gases and energy lost due to friction. Referring back to Eq. (2.1), the
friction term in that equation is proportional to the square of the piston velocity. Piston
velocity is directly related to engine speed, and, therefore, using the optimal 1500 rpm.
trajectory for an engine speed of 4500 rpm. would result in a higher piston velocity and a
considerably higher energy loss due to friction. All three of the optimal plots in Fig. 2.3
are trade-offs between work done and friction energy loss for their respective engine
c-v
speeds.
Results corresponding to fig. 2.3 are given in Table 2.1 in the form of parametric
values (In Table 2.1 SD = 't - SA - 8B - Sd. The angular values are for period 't = 360°.
Some constraints were used in the optimization, and, accordingly, values on constraint
boundaries are indicated. The parameters Sint, and Sexp are the lengths of the intake and
expansion strokes, respectively. They are related to the previously given parameters by
the following equation:
Sexp 1 +RI
Sint =D exp --C-R- Eq. (2.2)
Equation (2.2) indicates a normalization of length with respect to Sint. As indicated in
Fig. 2.1, all of the lengths have been normalized (Sint = 1.0). For given values of Sinl' the
other stroke lengths are,readily determined.
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With the optimum piston trajectories found for a few varying speeds, the next step
is to move on to solving the non-uniform-stroke problem. In general, the process is the
same no matter what engine speed is used; however, in specific cases different engine
speeds will have different solutions. Because of this, whenever specific examples are
given, they will be based on a nominal operating engine speed of 3000 rpm (which
corresponds to a 1500 rpm crank rotation speed, as stated above). The first step in
realizing any given desired motion is to represent that motion by a distinct function. This
is accomplished in Chapter 3.
18
Chapter 3
Curve Fitting the Piston Trajectory
There are several methods of curve fitting that could be employed to produce a
desired function for the piston trajectory. Two types of curves which can be fit to the
trajectory were mentioned in Chapter 2. They are: 1) a combination of four distinct
polynomial segments, one for each stroke of the engine, and 2) a continuous periodic
function composed of a finite trigonometric series. Both of these cases will be
investigated.
3.1 Determining the Appropriate Function Characteristics
The are certain characteristics of the function which are desirable. The function
must pass through certain critical data points. A precise fit, though, to nearly every point
in the domain is not necessary. The only truly critical data points are those defining the
maxima and the minima of the plot. In between those points, all that is desired is a
particular kind of behavior. While the polynomial and trigonometric curves are both
derived from and fitted to the same data, they can have very different characteristics.
Either case can, under certain circumstances, behave in an undesirable manner.
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Besides being fit appropriately to the data, another requirement is continuity of
the derivatives. Since the desired plot physically represents a desired motion, its first and
second derivatives will correspond to velocity, and acceleration. Bearing this in mind, it
is desirable to maintain continuity up to at least the second derivative. This guarantees
that the accelerations and, hence, the forces will be continuous. The draw back, though,
is that the more requirements we impose on the function, the less well-behaved it will be,
in general. More requirements will translate into higher degrees for the polynomial case
and higher frequencies for the trigonometric case. Both are more "wavy" and, therefore,
less well-behaved.
Since more imposed requirements tends to cause poor behavior, this does lead to
at least one advantage that the trigonometric series has over the connecting of several
polynomial segments. The trigonometric function is a single, continuous function and,
therefore, does not require the matching or derivatives, which is required at the
end-points of the polynomial segments. The polynomial case will require continuity
constraints up to the second derivative at four different points, i.e. eight additional
requirements. However, it should be recognized that trigonometric functions are wavier
than low-degree polynomials to begin with. To make a decision between the two, it will
be necessary to compare actual results.
20
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Figure 3.1: Piston Trajectory Composed of Polynomial Segments
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3.2 Fitting with Polynomial Segments
Figure 3.1 shows the now familiar piston trajectory, but with the four strokes
represented by four different polynomials: Si8), Sne8), Se(8), and SD(8). Together these
four functions define the total piston trajectory, s(8), for the entire cycle. The coordinates
(s,8)1' (S,8)2' (S,8)3' and (S,8)4 are the data points which the curve must be fit to, with the
requirement that the slope be zero at all four of these points. The 8 coordinates are
defined as follows:
Eqs. (3.1)
Requiring that the function, s(8), passes through the above data points implies the
following equations (t is the period of the combustion cycle):
SAC8d = SDCt) ~ SI
SA(82) = SB(82) = S2
SB(83) = Se(83) = S3
Se(84) = SD(84) = S4
Eqs. (3.2)
Equations (3.2) represent eight distinct requirements satisfied, and therefore contribute
eight equations. Eight additional equations are needed to satisfy the requirements of zero
slope:
~(81) = ~:Ct) = 0,
~(82) =~(82) =0,
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~(83)=~C83)=0
~(84)=d;(84) =° Eqs. (3.3)
Finally, four equations are needed to maintain continuity of the second derivative:
Eq. (3.4)
The total number of equations after combining Eqs. (3.2) through (3.4) is twenty.
This requires that four polynomials of degree four (five coefficients per polynomial) be
used for the trajectory.
4
Sj(8)=LCijlY wherei=A,B,C,D
j=O
The derivatives ofEqs. (3.5), as required by Eqs. (3.3) and (3.4) are as follows:
Eqs. (3.5)
dS j -~ ·C·eJ-t
-Je - ~J y
U' )=1
cflSj =~ ·U· - I)C·eJ-2
de2 ~J y)=2
Eqs. (3.6)
The coefficients, Cij' are the twenty unknowns for which the linear system needs to be
solved. The solution for the coefficients, substituted into Eqs. (3.5), determines the
individual polynomial segments of the trajectory, which, in turn, defined the total
trajectory:
Eq. (3.7)
Resulting piston trajectories are shown in Figures 3.2 and 3.3. The data points in
Fig. 3.2 are arbitrary with the exception that they are symmetric about 83 (83 = 180°). The
resulting trajectory is well-behaved and, therefore, acceptable; however, symmetry is a
23
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characteristic which, in general, will not be present. Figure 3.3 is a plot for a more
arbitrary case (non-symmetric). Clearly, this function is very poorly behaved. Zero
slopes occur in between the intended ones, and the magnitude of the function is obviously
ridiculous. As a result, this trajectory is unacceptable. It is, though, the correct solution
for the data given, and since the method is not in error, a different method must be
chosen. Hence, the investigation turns to the finite trigonometric series.
3.3 Fitting with a Finite Trigonometric Series
As stated previously, using a trigonometric series has the advantage of total
continuity of all derivatives since the function is not divided into segments. Accordingly,
the form of the solution, valid over the entire period of the cycle, will be
4
s(8) =Co +L [A;sin(i8) +B;cos(i8)].
i=\
Eq (3.8)
The use of integers as the periodic frequencies satisfies closure identically at the end of
the cycle. This insures complete continuity throughout the function.
Just as in the polynomial case, equations which satisfy the data points must be
determined. Both function value and zero slope are satisfied by the following equations.
S(81)=S\
S(82) =S2
S(83) =S3
S(84) =S4 Eqs. (3.9)
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Eqs (3.10)
There are eight equations present in Eqs. (3.9) and (3.1 0). The solution (Eq. (3.8)) has
nine unknown constants: four A/s, four B/s, and Co' Only one additional equation is
needed to complete the linear system. That equation will, in fact, be a source, of solution
flexibility, and a way of controlling the solution's behavior. The last equation is simply
the manual selection of the function's average value:
Co =savg Eq. (3.11)
Selection of Sal'g is done on a trial a error basis to achieve good trajectory behavior.
Figure 3.4 shows an example of behavior-control of the function. The plots in
Fig. 3.4 were all found from the same critical data points, but with five different average
values. The presence of the higher frequency terms can clearly be seen in the plots with
the more extreme average values (plots 1 and 5). The center plot (3), on the other hand,
has all of the desirable properties. Note, also, that this is a completely arbitrary case, not
even close to being symmetric; however, satisfactory behavior is still not guaranteed. In
particular, if the 8-spacing between two of the critical data points is too large, a
well-behaved solution may be impossible. Over such a large space, change in the sign of
the slope is very difficul~ to prevent due to the high frequency terms ofEq. (3.8).
The bright side is that the optimum desired trajectory does not diverge so
drastically from an evenly spaced symmetric function that good characteristics cannot be
maintained. In preparation for the chapters ahead, a trigonometric series solution which
corresponds approximately to the 3000 rpm solution cases from Chapter 2 (Fig. 2.3), is
27
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Figure 3.4: Behavior-Control of Trajectory Through Varying Savg
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Figure 3.5: Specific Trajectory Corresponding to 3000 rpm.
Optimum Plot (Chapter 2)
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shown in Fig. 3.5. This solution will be used everywhere that specific results are
detennined. The engine strokes in Fig. 3.5 proceed in the following order (which is not
the same as in Fig. 2.3): exhaust, intake, compression, expansion.
Now that a suitable desired-piston-motion function has been selected, the next
step is to find a way to produce that motion mechanically. Chapter 4 first examines the
different types of mechanisms which have the appropriate characteristics, and then takes
a closer look at the mechanisms which were selected.
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Chapter 4
Realizing the Desired Piston Motion
In the conceptual design stage, there are many mechanisms that could conceivably
produce the desired piston motion: simple linkages, geared linkages, linkages combined
with different kinds of sliders, cam-and-follower mechanisms, etc. These have all been
briefly considered, and any of them could possibly produce an acceptable mechanism.
The two types that were investigated thoroughly are mechanisms combining non-circular
gearing and linkages and also a specific type of six-bar linkage known as the Atkinson
Cycle linkage.
4.1 Non-Circular Gearing Mechanisms
There are several different varieties of geared linkage mechanisms that can
produce motion similar to what is desired while using circular gears. Using a
non-uniform gear radius allows the already similar motion to become exactly what is
desired. The different varieties all have some common characteristics (refer to Fig. 4.1).
They all start with the same linkage system composed of three links connected in a chain
from a fixed point to a slider in the fixed frame. The fixed frame in this case is the frame
ofthe car or the engine block, and the slider is 'the piston.
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Fixed Centroid
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Figure 4.1: General Configuration of Geared Linkage Mechanism
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The three links, the slider and the frame constitute a five-bar linkage which has
two degrees of freedom of motion. Clearly we only want one degree of freedom relating
a single input (crank-shaft rotation) to a single output (piston motion). Removal of one of
the degrees of freedom is accomplished by relating the motion of the first and second
links to one another. This is accomplished by gearing. One gear (centrode of rolling
contact) will be fixed to the frame while another, the moving centrode, is fixed to Link 2.
These two gears will mesh, controlling the motion of the Link 2 and reducing the total
freedom to one degree.
The curve traced by the end point of the Link 2 must have a shape capable of
producing the "double-humped" shape of the desired trajectory, similar to the plot in Fig.
3.5. The shape of this curve will depend on the gear ratio between the two gears and also
on the size of the second link compared to the radius of its gear. This curve is shown for
several different cases in Figs. 4.2 and 4.3. Figure 4.2 shows cases for external gearing
systems, i.e. one gear rolls on the outside of another. Conversely, Fig. 4.3 shows internal
gear trains, where one of the gears is a ring gear.
Five of the mechanisms in Figures 4.2 and 4.3 meet the first criterion. They are
Fig. 4.2 (a) and (f) and Fig. 4.3 (c), (e), and (h). The looping curves produced by these
mechanisms are suitable for producing a double-humped plot. However, the individual
characteristics of these mechanisms need to be examined. The three-to-one ratio
mechanism in Fig. 4.3(h) has not been considered due to the fact that it takes three whole
,;
cycles of the crank-shaft to complete one combustion cycle. This aspect is even worse
33
,.------~
/
/
(a)
(c)
(e)
(b)
(d)
(f)
Figure 4.2: 1:1 and 2:1 Ratio External Gearing Mechanisms:
(a) and (I) produce acceptable curves
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Figure 4.3: 2:1 and 3:1 Ratio Internal Gearing Mechanisms:
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than the standard engine which only requires two rotations per cycle. This higher engine
speed per cycle results in greater loss due to friction per cycle. Also, just because circular
gears produce a similar plot does not guarantee that the exact plot can be produced using
non-circular gears.
Both of the two-to-one ratio cases in Fig. 4.2(f) and in Fig. 4.3(c) require two
rotations of the crank-shaft per combustion cycle. This in itself is acceptable, however,
producing a satisfactory desired-trajectory function proved extremely difficult, as is
probably the case for the previously mentioned three-to-one ratio case. To help illustrate
this problem, consider what the output of the mechanism in Fig. 4.1 would be if Link 2
and Link 3 were rigidly fixed to one another in the absence of any gearing system. The
result would, in fact, be the crank and slider mechanism of the standard ~ngine. The
actual displacement of the piston, though, would depend on in what position the two links
were fixed with respect to each other. Fixing the links colinearly and extended would
yield a maximum magnitude plot. Conversely, fixing the links colinearly and
overlapping would yield a minimum magnitude plot.
As it turns out, the maximum and minimum plots just described form an envelope
of possible piston motion for the geared mechanism. Any real trajectory plot, desired or
not, must fall inside the boundaries formed by these two plots. This, however, is not all
that is required. The actual trajectory plot must be tangent to the boundaries at certain
places. This stands to reason since as the cycle is proceeding, the links are making full
rotations with respect to each other, and, therefore, passing through states of collinearity.
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Figure 4.4 shows an actual trajectory within its envelppe for the mechanism in Fig.
4.3(c).
Clearly, in Fig. 4.4, the envelope boundaries are composed of two cycles of a
periodic function, whereas the trajectory consists of a single cycle. As seen in the Fig.,
the trajectory only has to be tangent to each of the boundaries once, which is good;
however, the envelope shown is considerably narrow. This allows very little freedom in
the shape of the plot once non-circular gears are used, and, at the same time, just
producing a plot that will remain inside the boundary near the tangent points is extremely
difficult. Figure 4.5 shows the trajectory and envelope for the other acceptable
two-to-one ratio mechanism (Fig. 4.2(f)). Given the same link lengths, its envelope is the
same as that in Fig. 4.4; however, the trajectory in Fig. 4.5 is tangent to each of the
boundaries three different locations. This places extremely stringent requirements on the
solution, perhaps even making it impossible.
The mechanisms of Fig. 4.2(a) and 4.3(e) each require only one rotation of the
crank-shaft for each combustion cycle. As a result the motion-envelope boundaries
consist of a single cycle of a periodic function (nearly sinusoidal). They are also more
widely spaced resulting in a very broad, open envelope with plenty of room for distortion
of the plot due to non-circular gears. Figure 4.6 shows plots for both of these
mechanisms in their envelope, which happens to be the same for both mechanisms (with
the same parameters). These two mechanisms, showing the most promise, are the two
non-circular gearing systems for which in depth investigations, complete with solutions,
will be presented in Chapter 5.
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4.2 Atkinson Cycle Linkage
The Atkinson Cycle linkag.e is a six-bar linkage composed of a four-bar
mechanism loop and a five-bar mechanism loop. The four-bar loop is a simple
crank-and-rocker mechanism, and the five-bar loop connects the four-bar loop to the
piston, represented again by a slider (see Fig. 4.7). The reason for the selection of this
mechanism for investigation was the same as for the non-circular gears: its ability to
produce a "double-humped" piston trajectory. There was not really any process of
elimination involved here, as there was for all the different non-circular gearing cases.
"Linkages" is such a broad' area of mechanisms, so this particular type was simply
selected because it exhibited the appropriate characteristics. There are, however,
similarities between this and the analysis of the non-circular cases.
A simple crank-and-rocker four-bar typically has the crank rotation as its input.
Its output, on the other hand, could be the angular motion of the rocker or of the coupler,
\
or it20uld be the curve traced by a point fixed to either of them. Herein lies the similarity
of the analysis. A point rigidly fixed on the coupler somewhere will trace out a
continuous, closed loop for a complete rotation of the crank. The closer that point is to
the crank end of the coupler, the closer the shape of the loop will be to a circle. By the
same token, the closer the point is to the rocker end of the coupler, the closer the shape
will be to a circular arc. In between, the point tends to trace an odd crescent or
41
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figure-eight type shape (see Fig. 4.8). For certain values of the mechanism parameters
(link lengths, location of coupler point, piston cylinder orientation) this curve will have a
suitable shape for producing a piston trajectory very similar to the desired trajectory.
Recalling from Section 4.1, once a similar plot was achieved it was assumed that
the precise plot could be produced by using non-circular gears. The reason for this is that
the radii of the gears are complete functions of the ~rank rotation and not just discrete
parameters. This allows every point of the desired function to be matched by the actual
output. In the case of the Atkinson Cycle linkage, though, the mechanism is composed
totally of discrete parameters. This does not allow a complete match of the output to the
plot. Use of a non-linear slider that would allow crank-length to be a function of
crank-rotation was investigated somewhat. This provided a "function parameter" through
the use of a non-circular, continuous slot around the crank shaft; however, the analysis
proved to have complications, and use of additional sliders most likely would add too
much friction.
As it turns out, using just the linkage with discrete parameters can still produce an
acceptable mechanism, one with an output very close to what is desired. A complete
discussion of this mechanism is found in Chapter 6.
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Chapter 5
Non-Circular Gearing Analysis
The first mechanisms investigated were mechanical systems combining linkages
and non-circular gearing. Two specific cases were considered, that of a system
containing a fixed ring gear and a free planet gear, and that of a system containing a fixed
sun gear and a free planet gear (see Fig. 5.1). For both cases three links connect the crank
shaft to the piston with the relative rotation between the crank and the intermediate link
being controlled by the pair of conjugate gears. By modifying the shape of the gears it is
possible to produce precisely the desired piston trajectory as a function of crank rotation.
5.1 Kinematics of Non-Circular Gearing Mechanisms
The two systems shown in Fig. 5.1 are actually very closely related,
kinematically, to one another. Therefore, the following discussion focuses on the sun and
planet gear solution (Fig. 5.1 (b)). The relationship between the two systems will be
explained in Section 5.1.3.
Figure 5.2 shows the mechanism in an arbitrary position. The initial position has
all three of the connecting links collinear with the positive X-axis (6 = 0, ~ = 0, Y= 180°).
The piston trajectory function is measured as the distance from the origin (point 0) to the
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Figure 5.1: Non-Circular Gearing Engines
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yFigure 5.2: General Position of Sun and Planet Gear Mechanism
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piston, in the direction parallel to the piston cylinder, i.e. the s-coordinate in Fig. 5.2.
The coordinates of the piston are (s, E) in the s-E frame (E is constant), and (s.n Sy) in the
X-Y frame. In general, the piston cylinder can be located an arbitrary distance E from the
crank shaft with an arbitrary direction orientation a. However, these two variables
represent a single parameter for a given desired trajectory since in its initial position the
piston lies on the X-axis. Accordingly, E and a are related by the following equation:
a=-arctan(~ )
where So is the initial s-coordinate value of the piston trajectory (at e= 0).
As the rotation angle, e, changes at a constant rate (Fig. 5.2), the crank (Link 1)
rotates at a constant angular velocity. However, the planet gear rotates, as does Link 2,
with a non-uniform angular velocity. For the sun-planet case, counterclockwise rotation
of Link I causes counterclockwise rotation of Link 2 as the planet gear rolls on the
outside of the sun gear. Since the general shape of the desired piston trajectory is known,
the average value of the gear ratio is also known. In order to have continuous gear shapes
and a return to the initial position after a complete rotation, the gear ratio must have an
integer value. Additionally, in order to produce a piston trajectory with two maxima and
two minima (dead centers) in one cycle, the planet gear and Link 2 will have to rotate
twice with respect to the fixed frame per single rotation of the crank. In an external gear
system this requires a one to one ratio.
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The kinematic analysis of the N. C. gearing mechanism has two distinct phases: 1)
the determination of the link lengths, and 2) synthesis of the gear profiles. Proper
selection of link sizes must be made in order for the resulting gear profiles to be
physically realizable. Accordingly, determination of the link sizes is treated first.
5. 1,1 Determination of Link Lengths
As defined by Fig. 5.2, there are four unique parameters aside from the actual
shapes of the gears that need to be specified in order for a physically realizable solution.
These parameters are: c, d, L, and E (or ex). For a given piston path function, a specific
value must be determined for each of the four parameters. Other parameters exist, such
as initial phase angles for eand <1>, but for simplicity these are set to zero.
The four critical parameters are determined by a combined numerical-analytical
method. Four geometric equations are obtained from the system at four special points
during one rotation of the crank (Link 1). These are the four configurations of the system
when Links 2 and 3 are collinear (see Fig. 5.3). At these points, if incorrect parameters
have been chosen, there will not be any distortion of the gear shapes which will result in
the desired piston trajectory.
The four cases in Fig. 5.3 form triangles with sides of length c, the distance from
the crank shaft to the piston (dotted lines in Fig. 5.3), and of length either L+d or L-d,
depending on the case. The obvious geometric relation that exists when Links 2 and 3 are
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collinear is the Law of Cosines. Case 2 of Fig. 5.3 is shown in Figure 5.4 in greater detail
and with emphasis on the triangle fonned by the links. The Law of cosines for any of the
four cases yield the following:
(L ±d)2 =(E2 +S2) + c2 - 2cJE2 +S2 cos B
where B=e +1t + 0: - arctan ( ~ )
Combining Eqs. (5.1) and (5.2) and expanding yields
Eq. (5.2)
Equation (5.3) must be satisfied at the four distinct values of e where collinearity of
Links 2 and 3 occur, which are generally unknown. As the configuration of the system is
defined in Fig. 5.3, the first value of e is known to be zero while the remaining three
depend on the shape of the gears. For the two positions of the system when Links 2 and 3
are collinear and at full extension, Eq. (5.3) must be satisfied for L+d. For the two
positions when Links 2 and 3 are collinear and overlapping, Eq. (5.3) must be satisfied
for L-d.
Since the four values of e are not all known, the equations cannot be solved
analytically for all four parameters. The solution method is best described graphically
and best achieved, numerically. Rearranging Eq. (5.3) to be a function ofe we have
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Figure 5.5: General Plot ofEq. (5.4) for Arbitrary Values of c, d, E, and L
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A general plot ofEq. (5.4) is shown in Fig. 5.5. In order for Eq. (5.3) to be satisfied, F(e)
must equal zero at the four critical values of e. However, by the definition of these
critical points, Links 2 and 3 are collinear causing two maxima and two minima.
Therefore, the only way Eq. (5.3) can be satisfied is if the two maxima of the plot have
the same value and the two minima have the same value, as shown in Fig. 5.6. Note in
Fig. 5.6 how in the one case the plot of F(e) is tangent to F = 0 at its minima and in the
other case it is tangent to F =0 at its maxima.
In Eq. (5.4) it is seen that the four parameters (c, d, E, and L) are simply constants;
however, a change in either E or c will result not only in a shifting of the plot along the
ordinate but also a distortion of the plot due to the crossing of E and c with e terms and s
terms (s is also a function of e). By removing all terms that cause a simple shift in the
plot, Eq. (5.4) becomes
Eq. (5.5)
This new equation has no dependence on d and L but a heavy dependence on c and E. It
is through manipulation of the values of c and E that the maxima and minima ofEq. (5.5)
can be made to line up with each other as in Fig. 5.6. The solution proceeds by first
taking the derivative ofEq. (5.5) with respect to e:
df =2s ds _ 2c [(Es-Eso -s~es )cose+ (Edes +E2 +sso)sineJ. Eg. (5.6)
de de JE2 + s~ u
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Solving for the zeros ofEq. (5.6) will yield four values, 81' 82, 83, and 84 (assuming E and
C are reasonably close their solution values). Numerical solution techniques are required
to solve for the zeros since S is a function of 8. The four values of 8 will correspond to
four piston trajectory values, S\, S2' S3' and S4 (In this case s\ =So since Links 2 and 3 are
collinear at 8 = 0). Once the four values are known, they can be substituted into Eq. (5.5)
to yield
Eqs. (5.7)
for i = 1, 2, 3, and 4. The four equations of Eqs. (5.7) are now combined into two
simultaneous equations for which E and c are solved. Setting the two maxima and the
two minima equal to each other is expressed mathematically by the following:
Ji(E,c)=fJ(E,c) and fz(E,c)=J4(E,c).
Once again, numerical techniques are necessary to solve Eqs. (5.8) for E and c.
Eqs. (5.8)
With values for E and c determined, d and L can now be found. By applying Eq.
(5.3) to a maxima coordinate and to a minima coordinate, two more independent
equations are obtained:
Analytical solution ofEqs. (5.9) yield
Eq. (5.10)
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and
Eq. (5.11)
With this procedure completed, the values of E, C, d, and L are now known. The
solutions for the complete gear profiles may now be found, and those profiles will be
continuous and smooth.
5.1.2 Synthesis of Gear Profiles
The allowance of general shapes for the conjugate gear pair is what makes it
possible to produce the exactly the desired piston path. Any general pair of conjugate
gears is governed by two equations.
Eq. (5.12)
Eq. (5.13)
In Eqs. (5.12) and (5.13) R, and R2 are the instantaneous radius of the sun and planet
gears, respectively, measured from their centers of rotation to the point of rolling contact.
The sign convention used is illustrated in Fig. (5.7). Under this convention, R1 is
negative and R2 is positive. The instantaneous gear ratio, N, can be determined from Eq.
(5.13).
Eq. (5.14)
Solving Eqs. (5.12) and (5.14) simultaneously yields the functions for the radii in terms
of the gear ratio and the center distance, c.
57
xy
Figure 5.7: Radius Function Definitions (SunJPlanet)
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CR2=--I-N Eqs. (5.15)
All that is now needed to solve for the gear radius functions (i.e. the actual gear
shapes) is an expression for the gear ratio, N. From the definition ofN, if an expression
exists for </> exclusively as a function of e, then N is given by the derivative of that
expression. An expression, </>(e), can be derived from the geometry of the system. The
X-Y coordinates of the piston in Fig. 5.2 are given in Eqs. (5.16).
Sx =-ccose - dcos (e - </» - Lcosy
Sy =-c sine - dsin(e -</» - L siny
The coordinate transformations from s-E coordinates to X-Y coordinates are
Eqs. (5.16)
and Eqs. (5.17)
Equations (5.16) can be combined to eliminate the unknown parameter y, by
isolating the L terms on one side, squaring both equations, and adding them together.
Then the expressions for Sx and Sy may be substituted into the resulting equation yielding
an equation in </>, e, see), and known parameters. Thus we have an expression with the
independent value e, and the dependent value </>.
L2=[~ +ccose+dcOS(e-</»]2
"E2+s~
+[ ~+CSine+dSin(e-</»]2
"E2+s~
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Eq. (5.18)
Equation (5.18) can be solved analytically for ~ (see Appendix A). The gear ratio, N is
then determined by taking the derivative of ~ with respect to e. Substituting N into Eqs.
(5.15) yields the gear radius functions, and thus all elements required to produce the
desired piston trajectory have been found.
5,1.3 Relationship Between Sun Gear and Ring Gear Solutions
When solving Eq. (5.18) for~, it is necessary to rearrange it into a quadratic form.
Accordingly there are two solutions to the equation. One solution has a continually
descending plot (negative slope) which corresponds to the sun and planet gear solution
previously discussed. The other has a continually ascending plot (positive slope)
corresponding to the ring and planet gear case. Plots of the gear ratio, N, (slope of ~) are
shown for both cases in Fig. 5.8. It is important to note that neither solution for ~ has a
maximum or a minimum. If they did it would indicate a change in direction of rolling of
the planet gear during its rotation.
The sign convention introduced in Section 5.1.2 allows both solutions to be
handled without any modification of the equations for the two cases. As seen in Fig. 5.7,
R] is negative while R2 is positive. Figure 5.9 shows a comparable diagram for the ring
and planet case, for which R] and R2 are both negative. Using this sign convention with
Eq. (5.12), it can be seen that the sign of c (length of Link 1) is always positive.
However, as seen from Fig. 5.8 and Eq. (5.14), the gear ratio of the sun and planet case
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Figure 5.9: Radius Function Definitions: Ring and Planet Case
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has an average value of negative one, while its average value for the ring and planet case
is positive three. As it turns out, no matter what the average ratio of a gearing mechanism
of this type is, a negative sign indicates a planet gear rolling on the exterior surface of a
sun gear, and a positive sign indicates a planet gear rolling on the interior surface of a
ring gear.
5,1.4 Non-Circular Gearing Design Flexibility
The fact that there are two complete and unique solutions to this problem using
one method, is in itself a type of design flexibility. These two solutions represent two
entirely distinct mechanisms which yield precisely the same result, from the kinematic
viewpoint. One mechanism must ultimately be chosen from this set of two options.
However, within this discrete set of options there exists a continuous range of flexibility,
by manipulating parameters which previously were set to some convenient values.
The parameters in question here are the initial phase angles of <I> and 8, referred to
as <1>0 and 80, In the analysis of Sections 5.].] and 5.] .2, <1>0 and 80 were given the value of
zero. This resulted in the collinearity of the links in the mechanism's initial position.
With values other than zero, the four cases of collinearity all occur at general values of 8.
The differences in the solution caused by this change occur both in the linkage synthesis
and in the gear profile synthesis.
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First, it should be noted that $0 and 80are not both independent parameters. A
dependent relationship exists between them. Allowing them to vary adds yet another
degree of freedom to be used for design, but only one. It would seem that varying two
parameters should yield two additional degrees of freedom, however, one degree of
freedom is needed for the motion of the mechanism. By varying $0 and 80 both
independently, one of the degrees of freedom that it seems should be gained is actually
just the mechanism at a different point in its rotation. For example, one degree of
freedom could be expressed through changing the starting position of the mechanism by
rolling the gears around to a different point, but not actually changing any mechanical
component or dimension. Therefore, the parameter chosen to be varied independently is
80, Accordingly, $0 will be dependent on the chosen value of 80,
The effect on the other discrete parameters caused by varying 80 can be seen in
Table 5.1 (Section 5.1.5). All of the parameters are affected. Because oftbis, the change
in the gear profiles is complicated, yet suttle. To the eye, the only apparent effect is a
phase shift, or rotation of the gear profile, but there are also small differences in the
magnitude of the radius fun,ctions. The most interesting effect is that of 80 on parameter
E. In this case it is actually better to think of this parameter as a (recall that E and a are
interchangeable by Eq. (5.1)). The varying of80 causes a corresponding change in a, i. e.
a change in orientation of the piston cylinder. There are obvious advantages of having
control over piston cylinder orientation. For example, the cylinder could be oriented in
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such a way as to minimize side-wall friction. Currently, piston cylinder orientation can
only be controlled in the mathematical model by manually selecting different values of 80
and determining its effect. Optimization of piston cylinder orientation was not attempted,
however it is certainly conceivable.
5,1,5 Kinematic Solutions
Using the techniques developed in Sections 5.1.1 and 5.1.2, solutions are now
presented for a specified desired piston trajectory. The specified trajectory is shown in
Fig. 3.5 in which the distance units are meters. Table 5.1 shows the values of the
discrete parameters for different values of 80 , Note that 80 can only vary within a
relatively small range. As it varies below or above that range, E becomes larger in
magnitude and so, correspondingly, does a. As a result, the piston cylinder approaches
an orientation perpendicular to the X-axis. As this happens, the connecting rod (Link 3)
will approach and possibly pass through positions of being perpendicular to the piston
cylinder, which clearly cannot be allowed. For a symmetric piston trajectory, the
acceptable range of 80 would be centered around zero. The shifting of the range depends
on how non-symmetric the trajectory plot is.
The profiles for the cases in Table 5.1 all produce the same piston trajectory. The
profiles for the external gear case are shown in Figs. 5.10 and 5.11, and the internal case
profiles are shown in Figs. 5.12 and 5.13. Plots of the mechanisms in general positions
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80 I$0 I deem) L(em) c(em) E(em) IX
0° 0° 3.05 16.74 2.11 -5.84 30.3°
5° 11.4° 3.22 15.96 2.26 -3.18 17.6°
100 22.8° 3.3 15.66 2.33 -1.15 6.46°
15° 33.8° 3.32 15.63 2.35 0.83 -4.57°
20° 44.2° 3.27 15.92 2.31 3.17 -16.6°
25° 53.4° 3.06 17.03 2.14 6.77 -31.7°
Table 5.1: Discrete Parameter Values for Given 80
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are given in Figs. 5.14 and 5.15. Figures 5.10 through 5.15 are all for orientations
corresponding to 80 = 10°. The results given in Table 5.1 and in the following figures are
very promising, especially in the external gear case. The gear profiles are very smooth
and well behaved. Both of the planet gears maintain convex shapes along the entire edge.
Likewise, the ring gear maintains a concave shape on its interior. The sun gear does have
a very slight concave portion, but it is most likely that it is not severe enough to cause a
problem. Good behavior of the solution in this manner was not given much attention as a
design goal, yet the results are favorable and are worth considering. However, not
everything that there is to say about these solutions can be considered positive.
5.1.6 Problems With Kinematic Solutions
There are two main problems with the kinematic solutions obtained in Section
5.1.5. First, the solution for the internal case planet gear has a rather unusual, though
expected, form, and second, the size of the mechanical elements warrants some concern.
In the ring and planet gear case, <I> completes three full 360° cycles for each full
rotation of 8. As a result, the solution curve, R2, does not close until after the third cycle
of <1>. Obviously, from Figs. 5.13 and 5.15, R2 is not the same from one rotation of <I> to
the next. Of course, this profile cannot exist as a standard spur gear. However, a
mechanical design that physically separates the three cycles of <I> has been conceived and
is promising.
73
The size of the mechanical elements of the solutions in the previous section are
quite small. The planet gears in the specific solutions of 5.1.5 have diameters of
approximately three centimeters. At this point, this result seems desirable from
considerations of space; however, these small members may have a difficult time holding
up under the dynamic loads that will be imposed on them. This will be discussed again in
Section 5.2.6.
'J
5.2 Force Analysis of Non-Circular Gearing Mechanisms
With the kinematic analysis of the non-circular gearing systems completed, a
dynamic force analysis can now be attempted. In Section 5.1, the sign convention used
allowed the analysis to apply to both systems: sun-planet gearing system and ring-planet
gearing system. Therefore, without loss of generality, the sun and planet case will be
used exclusively in the analysis that follows.
5.2.1 Determination of Motion and Acceleration of Members
The entire mechanism is shown again in Fig. 5.16, with masses of the members
indicated. The dynamic analysis for this system will be conducted for a constant engine
speed, i. e.
.. cP8
8=-=0.
dt2
Eq. (5.19)
The mass of the crank (Link 1) is me, but since there is no angular acceleration of Link 1,
its inertia does not need to be known. On the other hand, the second time derivative of <l>
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is not zero. The planet gear and Link 2 are assumed to have a combined total mass of mg
located at point PI' and an inertia of Ig about that point. For Link 3, once again both of
the respective values, mass mL and inertia 11., need to be known. The piston is considered
to be a point mass, mp, at the end of Link 3. Also, three balancing masses, mb ml> and m3,
have been attached to Link 1, the planet gear, and Link 3, respectively. These balancing
masses change the location of the centers of gravity of the members. It is at the center of
gravity that we need to determine the linear and angular accelerations.
First, focusing on Link 1, we assume that mass me is located at the center of the
link. Mass ml has a general location with respect to Link 1 with coordinates (r" 8ml ) as
shown in Fig. 5.17. The combined center of gravity is located somewhere on the line
segment connecting masses ml and me, and has polar coordinates of (reg, A) with respect to
the X-Y coordinate system. Given the general location of m l , the center of gravity does
not have to lie on the longitudinal axis of Link 1. The Cartesian coordinates of the center
of gravity are therefore given by the following:
_C;c cos8+mlrlcos(8+8md
Xc =rcgcos A=---'~--------­
mc+ml
. -c;c sin8+mlflsin(8+8md
Yc =f cgsm A=---:"-----------
mc+ml
Eq. (5.20)
Eq. (5.21)
The second time-derivative of Eqs. (5.20) and (5.21) yields the components of linear
acceleration:
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Figure 5.17: Locating the Center of Gravity of Link 1
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Figure 5.18: Locating the Center of Gravity of the Planet Gear
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.. 8 [em e • 8 . (8 8 )Jacy =Ye = -2 SIn -mlrjSIn + mlme+ml
Eg. (5.22)
Eg. (5.23)
Figure 5.18 is a diagram of the planet gear, comparable to the diagram of Link 1
in Fig. 5.17. The X-Y coordinates of its center of gravity are given by the following:
Eg. (5.24)
Eg. (5.25)
Taking the second time-derivative ofEgs. (5.24) and (5.25) yields the accelerations:
agx =e i/ cos8- m::~2 [(8~rcos (8 -~+~2)~ Sin(8-~+~2)] Eg. (5.26)
agy =e 82sin 8 - m::~2 [(8~ )2sin(8 -~ +~2)~ cos (8 - ~+ ~2)] Eg. (5.27)
The total inertia of both the gear and mass mzare found using the parallel axis theorem.
Eg. (5.28)
Finally, Fig. 5.19 shows a diagram of Link 3. One difference exists in the
treatment of Link 3. Rather than allow the balancing mass to have a general location, it
has been confined to the longitudinal axis of the link. It has the single coordinate r3,
measured positive from Pz toward the piston. In Fig. 5.19, L* is the coordinate of the
center of gravity of Link 3, measured in the same way as r3' Since the mass center of a
connecting rod is generally not located at the center of the link, the coordinate location of
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Figure 5.19: Locating the Center of Gravity of Link 3
mL will be denoted by '1.' Using this tenninology, L* is defined by:
L. =mL'L+m3r3
mL+m3 Eq. (5.29)
With this definition, the X-Y coordinates of the center of gravity of Link 3 are as follows:
XL = -c cos 8 - d cos (8 - $) - L •cosy
YL =-csin8 - dcos (8 - $) - L ·cosy
Eq. (5.30)
Eq. (5.31)
It should be noted that '1 is a function of 8 and is, therefore, a function of time. Before
time derivatives can be taken, the function must be explicitly known. Referring back to
Section 5.1.2, Eqs. (5.16) were combined to eliminate '1 in favor of parameter L. These
equations can also be applied to eliminate L to solve fory.
[
c sin 8+d sin (8 - $) +sy ]
'1= arctan
ccos8 +dcos (8 - $) +Sx
Withy now detennined the linear accelerations are known.
aLx =c f/ cos 8+d(e-4>rcos (8 - $)
- d $sin (8 - $) + L•(l cosy + ysin '1)
a Ly =C e2 sin 8+d(e-4>)\in (8 - $)
+d $cos (8 - $) +L•(./ siny - yCOSy)
Again, we need the total inertial of Link 3 which is given by the following:
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Eq. (5.32)
Eq. (5.33)
Eq. (5.34)
Eq. (5.35)
The angular accelerations of the links must also be determined. As stated before,
the angular acceleration of Link I is zero; however, the value is not zero for Links 2 and
"
3. Taking counterclockwise acceleration as positive, the expressions for the angular
accelerations are as follows:
Eq. (5:36)
Eq. (5.37)
Once the time derivatives of ~ and 'Y are known, the linear and angular accelerations are
known and can be used in the dynamic force equations. The time derivatives can easily
be related to derivatives with respect to e. Using the chain rule, the time derivatives of an
arbitrary function, A(e), can be shown to be related to ein the following way:
dA dAde 'dA
-=--=8-
dt d8 dt d8 Eq. (5.38)
Eq. (5.39)
Equation (5.39) results from equating the second time-derivative of 8 to zero. From these
two equations we get the following by simply substituting s, ~, and 'Y for A:
, 'ds ~
. d~ . . dy Eqs. (5,40)
s = 8 d8' = 8 d8' 'Y = e-d8
02 ~s ~ '2 ~~
.. . 2 ~'Y Eqs. (5,41)
s = = 8 - 'Y = 8 d8 2d8 2 ' d8 2 '
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The second time-derivative of s will be needed later for the acceleration of the piston.
Explicit expressions exist for both <l> and y. For the dynamic force analysis, the
derivatives of these expressions are found numerically using the central difference
technique.
5,2,2 Balancing: Force Determination and Minimization
By adding the balancing masses to the system and adjusting their locations, we
hope to minimize bearing forces and over-all shaking forces of the engine. Accordingly
we are interested in any oscillating forces exerted on the engine block, or, in our system,
on the fixed frame. This includes the components of the force applied at point 0, as well
as side-wall forces of the piston cylinder. For the balancing analysis, friction forces will
be neglected, but normal forces in the cylinder will be taken into account.
To obtain the forces of interest, the joint forces ofthe entire system will be found.
There are four members in the system, the free body diagrams of which are shown in
Figs. 5.20 and 5.21. The algebraic system to be solved contains eleven unknowns: eight
joint-force components {Fa.., Foy, FjX' Fly, Fa, F2Y' F3x, F3y}, normal cylinder-wall force
FN, tangent force F
"
and the source torque, Ts (applied to the crank -- the torque necessary
to maintain constant angular velocity). Counting three equations for each of the members
(two force equations and one moment equation) yields twelve equations; however, since
the piston is being considered a point mass, the moment equation for the piston cannot be
applied. Therefore, the number of equations and unknowns is equal at eleven.
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(a)
(b)
Figure 5.20: Free Body Diagrams of Piston and Link 3
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(a)
Figure 5.21: Free Body Diagrams of Planet Gear and Link 1
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Considering Fig. 5.20(a), the two force equations (parallel and perpendicular to
the cylinder) are the following:
-F3xsina+ F3ycosa+ FN =0
F3xcos a+ F3y sin a =mpQp=mp(8) 2~~ .
Similarly, the force equations for Link 3 (Fig. 5.20(b)) are determined:
The moment equation for Link 3 is
Eq. (5.42)
Eq. (5.43)
Eq. (5.44)
Eq. (5.45)
Eq. (5.46)
where her. is the total inertia of mL + m3 about the center of gravity. Equations (5.42)
through (5.46) comprise a complete set of algebraic equations from which the first five
unknowns can be solved. This results in the convenience of not having to solve all eleven
force equations simultaneously. The solutions to forces F2x and F2y can be considered
knowns in the next set of equations.
The three equations for the planet gear (Fig. 5.21 (a» are as follows:
Fix -F2x +FrcosS =(mg+m2)Qgx
Fly - F2y +Frsin S=(m g+m2)Qgy
FlxYGcg - FlyXGcg
+F2y(dcos (8 - $) +xGcg) - F2x(dsin (8 - $) +YGcg)
+Fr[sin S(R2COS 8 - xGcg) - cos s(R2sin 8 - YGcg)] =hcgag
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Eq. (5.47)
Eq. (5.48)
Eq. (5.49)
where
Again, the inertia, this time IGcg> is the total inertia of mg + m2 about the center of gravity.
The angle S in Eqs. (5.47) through (5.49) is shown and defined in Figs. 5.18 and 5.21 (a).
Its sine and cosine are given below, the derivation of which is given in Appendix A.
sins=
e I dR1 • ecos +R;"d8s1O
...!...(dRI)2 + 1
R2 deI
coss =
I dR 1 e . e
--cos -smRI de
...!...(dRI)2 + 1
R2 deI
Eqs. (5.50)
This angle, S, gives the direction of the force Ft , which from an examination of Eqs.
(5.50), is the direction tangent to the gear profiles at the rolling contact point. The gear
pressure angle will be assumed zero in the present analysis. Adapting Eqs. (5.50) to
include a non-zero pressure angle achieved by as expanding sineS + sp) and cos(s + sp)
for a given pressure angle, SP' and applying the above expressions. However, if force Ft
is negative, the pressure angle changes sign. In other words, positive and negative
"tangent" forces (Ft) do not have the same direction of application. The only case for
which there is- no difference is for SP = 0, therefore this is the case which will be
examined throughout this section.
Another subset of the entire algebraic system which may be solved independently
has occurred in Eqs. (5.47) through (5.49). This three by three system can be solved for
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its unknowns, {Fix' Fly> F,}, the first two of which will be used to solve for the remaining
unknown forces. The final three equations of the entire system are as follows:
Fox -FIX =(me +ml)acx
FOl -Fly =(me +ml)acy
~(FIxsin 8 - F lyCOS 8+Foxsin 8 - FOlcos 8) +Ts =0
Eq. (5.51)
Eq. (5.52)
Eq. (5.53)
Note that Eq. (5.53) is a static moment equation since there is no angular acceleration.
With these last three equations, all the dynamic forces of the mechanical system
can now be found. The entire system can be solved symbolically, however the size and
complexity of the system combined with the desired form of the result make it more
practical to solve it numerically. For any particular value of 8 a system of eleven
algebraic equations needs to be solved. With the simplification of the system as
described above, this becomes a very simple task for the computer. Numerical solutions
are summarized in Section 5.2.4 and 5.2.5.
With the equations for the relevant forces determined, it is now possible to
minimize them. The forces which need to be considered are Fox, Foy, and FN• These are
the forces which have direct contact with the fixed frame and are, therefore, the forces
that are to be minimized. This is accomplished by varying the sizes and locations of the
balancing masses. The variable parameters include: ml> m2, m3, '1' 8ml> '2' ~2' and '3'
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The technique used utilizes an optimization routine working towards the
minimization of a single value. Distinct minimization of the three forces would require
three separate goals. To detennine a single goal, the three forces need to be combined in
some way into one expression. The simplest expression for minimizing the individual
bearing forces would be
Eq. (5.54)
where G] is a function of the optimization parameters. This function calculates the
integral of the squares of the forces over a complete crank rotation (i.e. a continuous
summation over the combustion period). The goal is achieved when a point is found in
the domain of the function where the total derivative of G] is equal to zero. Another
possible expression would be
21t
minimize: G2 =J[(FIx -FNsina)2 + (Fly +FNcos a)2Jd8
o
Eq. (5.55)
Minimization of function G2 would tend to minimize the total X and Y forces on the fixed
frame, in effect minimizing the overall shaking force on the engine block.
The solutions achieved in using goals G] and G2 would be different, obviously,
since they are local minima of two different functions. If a compromise between the two
goals is desired, a third goal can be defined as
Eq. (5.56)
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where WI and W2 are relative weighting factors for their respective functions. If desired, it
is also possible to include some form of moment-reduction term within the goal.
Whatever the goal the optimizer is given to work toward, the procedure is the
same. An initial point is chosen in the domain of the function, G. At that point the
system of dynamic forces is solved and the value of G is calculated. The optimizer
proceeds to test points around the initial point searching for the most negative gradient,
and then proceeds towards a local minimum. The function, G, is calculated at every point
investigated by the optimizer. Since the goal is achieved upon finding a local minimum,
obviously the solution depends on the selectiop of the initial point. Also, because of the.
complexity of the function and the number of dimensions in the domain, the number of
local minima is not clearly known. As it turns out, the functions used for minimizing the
forces are relatively smooth, causing convergence to the same solution from various
different starting points. This, however is not always the case as will be seen in Chapter
6.
5.2.3 Balancing Design Flexibility
The flexibility allowed in the balancing aspect of the design is really only a matter
of deciding which of the variable parameters will be allowed to be a part of the domain of
the function G, and which will be declared constants with given values that are not
allowed to change. Of particular importance to this decision is whether constrained or
unconstrained optimization is going to be used. Ideally it would be preferable to use
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unconstrained optimization and allow the solution point to exist anywhere in the domain;
however, this can lead to points well out of the realm of physical possibility. Because of
this, boundaries in the domain may need to be defined, or it may be simpler and just as
effective to manually choose certain coordinates in the domain to be constant.
First, it should be noted that there is a simple inverse relationship between the
parameters m j and rl' Referring to Eqs. (5.22) and (5.23), the accelerations of the center
of gravity of Link 1 have a tenn containing the product mjr j. They are also inversely
proportional to the sum, me + ml; however, in the force equations, (5.5 I) and (5.52), the
accelerations are multiplied by the same sum (me + mj). As a result, the parameters mJ
and r\ occur only as the product m1rl. Allowing the optimizer to vary both of these
parameters independently would be pointless, since the two would vary inversely to one
another in order to maintain the same product. To solve this problem, mj will be a chosen
mass and r l will be allowed to vary.
Since the other balancing parameters occur independently of one another, the
same cannot be said for them as was said for m l and rj' However, solutions with
unrealistically large masses or radii may result, and it may therefore be advantageous to
manually select masses m2 and m3, as well as possibly constraining their locations to
some range of the domain. The next two sections give examples of some unconstrained
solutions and constrained solutions for the specific kinematic solutions given in Section
5.1.5.
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5,2.4 Unconstrained Balancing Solution
A number of specific cases are given in the following two sections. The first
requirement is to choose the constant values for the different masses and inertias of the
machine elements, as well as the engine speed. All balancing calculations and examples
in this section and in Chapter 6 are carried out for a conventional engine speed of 3000
rpm, which corresponds to a crank rotation of 1500 rpm (see Chapter 2). This and the
other constant values are displayed in Table 5.2. These values are somewhat arbitrary but
are, none the less, representative.
The choice of a minimization goal is of the form in Eq. (5.56) with WI = W2 = 1,
which results in
2n
G= J[Fix+Fiy+F~+(Flx-FNsina)2+(Fly+FNCOSa)2Jde . Eq. (5.57)
o
Unconstrained minimizations using this goal were completed for the arbitrary choice of
ml = 1 kg, for both the internal and external gear cases. The rest of the parameters were
allowed to vary freely. Comparisons of the solutions obtained to the forces that occur
without any balancing masses at all are shown in Figs. 5.22 and 5.23 for the bearing
forces at point 0, and in Figs. 5.24 and 5.25 for the cylinder side-wall forces. Figures
5.22 and 5.23 indicate both magnitude and direction of the bearing forces, with the
X-component, Fox, plotted on the abscissa and the V-component, Fay, on the ordinate.
The force vectors are oriented with their tail ends attached to point 0, located at
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External Case Internal Case
mass of piston, mp 0.4 kg 0.4 kg
mass of Link 1, me 0.1 kg 0.1 kg
mass of gear, mg 0.05 kg 0.25 kg
mass of Link 3, mL 0.4 kg 0.4 kg
inertia of gear, Ig 0.000008 kg_m2 0.00004 kg_m2
inertia of Link 3, h 0.00196 kg-m2 0.00196 kg_m2
d81dt 1500 rpm =SOn rad/sec
Table 5.2: Constant Values Used in Balancing Equations
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Axes are in Newtons
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Figure 5.22: Bearing Forces at Point 0: Unconstrained Balancing and
No Balancing for the Sun Gear Case
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Figure 5.23: Bearing Forces at Point 0: Unconstrained Balancing and
No Balancing for the Ring Gear Case
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Figure 5.24: Cylinder Side-Wall Forces: Unconstrained Balancing and
No Balancing for the Sun Gear Case
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Figure 5.25: Cylinder Side-Wall Forces: Unconstrained Balancing and
No Balancing for the Ring Gear Case
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Axes are in Newtons
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Figure 5.26: Balanced Bearing Forces at Point 0: Unconstrained
Solution for the Sun Gear Case
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Axes are in Newtons
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Figure 5.27: Balanced Bearing Forces at Point 0: Unconstrained
Solution for the Ring Gear Case
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External Case Internal Case
massm l 1.0 kg (set) 1.0 kg (set)
coordinate rI 3Acm 2.33cm
coordinate 8ml -7.52° 6004°
mass m2 -0.0153 kg 0.0198 kg
coordinate r2 3.65 cm 17.9 cm
coordinate <1>2 -8.1 0° 197"
mass m3 -.625 kg -DAD kg
coordinate r3 5.88 em 4.75 em
Recall: c == 2.33 em, d == 3.30 cm, L == 15.66 em
Table 5.3: Unconstrained Balancing Solution
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coordinate (0,0). Each point on the plot (which represents the head of a force vector) is
separated from its neighboring points by a 1.80 (2 gradian) rotation of the crank. Closer
views of just the balancing solutions are shown in Figs. 5.26 and 5.27. The line in those
figures indicates the bearing force vector for e=0. From the comparisons in Figs. 5.22
through 5.25 it is obvious that a great deal has been gained through the use of balancing
masses; however, the feasibility of the design has not yet been explorecI._
The solution values of the parameters are given in Table 5.3. Some of the values
.,
appear reasonable. The size of r2 in the internal case is probably not acceptable, but the
obvious exceptions are the negative masses in both cases. It should come as no surprise
that the optimizer, being allowed, would choose negative masses. The best minimum that
could be found would be to place negative masses of the same respective sizes on top of
the machine element masses. This needs to forbidden to the optimizer, so here we have at
least one set of necessary constraints to impose.
An important observation derived from the data in Table 5.3 is that constraints or
boundaries on the domain are necessary to achieve a realistic solution. The masses may
not even be the only parameters that should be constrained. Once those constraints are
applied. they may have an effect on the optimization of the other parameters as well,
causing drastically large members. Notice that in the internal case, r2 is considerably
larger than d which is already larger than the radius of the planet gear. This mayor may
not be acceptable. For the purposes of this analysis, coordinate distances with sizes
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approximately comparable to their corresponding member sizes will be accepted.
Accordingly, a finite domain will be defined for the search area used by the optimizer.
5.2.5 Constrained Balancing Solution
The constrained balancing approach insures that the solution· to the balancing
problem will be "physically reasonable," the meaning of which is simply defined by the
finite search domain. For the following examples, the search parameters will have the
constraints given in Table 5.4.
The solution parameters are give in Table 5.5 for both cases. Once again, m l was
given a set value of 1.0 kg while the other parameters varied freely (within the
constraining boundaries). In each of the two cases, three parameters ended up on the
boundaries. The most important observation is that in both cases mass m3 ended up on
the zero boundary. In effect, the optimization has shown that a balancing mass on the
connecting rod is not beneficial. The'3 coordinates are on boundaries also, but since
their corresponding masses are zero, the value of '3 is irrelevant. Once again, '2 is
exceedingly high. For a truly usable solution, its maximum boundary needs to be
lowered. It should be noted that mass m2 has ended up on its maximum boundary, 3.0 kg;
however, in the unconstrained optimization, it had a negative value. Clearly, the effect
the boundaries will have cannot be known ahead of time and should not be taken for
granted. The force diagrams for the solutions in Table 5.5 are shown in Figs. 5.28 and
5.29.
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Lower Limit Upper Limit
coordinate f I 0.0 cm 30.0 cm
coordinate 8ml none none
mass m2 0.0 kg 3.0 kg
coordinate f 2 0.0 em 30.0 em
coordinate <1>2 none none
mass m3 0.0 kg 3.0 kg
coordinate f 3 -L13 L
Table 5.4: Optimization Parameter Constraints
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External Case Internal Case
mass ml 1.0 kg (set) 1.0 kg (set)
'I 9.38cm 2.04 cm
ami 30.7° -45.3°
mass m2 3.0 kg * 0.0099 kg
'2 0.34 cm 30.0 cm *
<1>2 31.3° 172°
mass m3 0.0 kg * 0.0 kg *
coordinate '3 -5.22 cm * -5.22 cm *
* Indicates parameter on its constraining boundary
Table 5.5: Constrained Balancing Solutions
Balancing External Case Internal Case
Unbalanced 36.7 99.2
Unconstrained 1.88 6.81
Constrained 30.8 71.1
Table 5.6: Relative Values of Function G:
Constrained vs. Unconstrained
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Axes are in Newtons
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Figure 5.28: Balanced Bearing Forces at Point 0: Constrained
Solution for the Sun Gear Case
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Axes are in Newtons
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Figure 5.29: Balanced Bearing Forces at Point 0: Constrained
Solution for the Ring Gear Case
106
The relative values of the function, G, for the different balancing methods are
shown in Table 5.6. As was expected there is considerable loss of performance when
using constraints. The constrained solutions to the bearing forces at point 0 are better
than the force solutions for no balancing, but they are of the same order of magnitude. A
more interesting result is that the cylinder side-wall force solutions for the constrained
cases are precisely the same as the no-balancing solutions (shown in Figs. 5.24 and 5.25).
This is because the balancing mass on the connecting rod has been eliminated, and since
the first five force equations from Section 5.2.2 are independent from the rest, the other
balancing masses have no effect on the forces in the piston cylinder.
5.2.6 Problems With Balancing Solutions
An unfortunate result of the constrained balancing optimization is the number of
parameter values which ended up on their constraining boundaries. This indicates that
most likely a true minimum does not exist in or near the constrained area of the domain.
It was hoped that the balancing results would be better.
There is another problem with the solutions obtained in the previous sections. As
mentioned in Section 5.1.6, the load bearing members of the mechanical system are rather
small. Referring to some of the figures in Sections 5.2.4 and 5.2.5, forces get up to 6000
newtons in magnitude. The question is whether the members can hold up under even the
minimized loads.
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Of particular concern are the gears. With diameters of approximately three
centimeters, the gear teeth would be very small indeed. The load imposed on the gear
teeth is the tangent force, F" A plot of F, for one of the previous cases is shown in Fig.
5.30. As this figure shows, the magnitude of F, reaches about 5000 newtons (over 1100
lbs). The shear stress this load would cause in the gear teeth would most likely be above
the capacity of the gear. Either additional force minimization by some other method must
occur, or the kinematic solution must be adjusted somehow to produce larger members.
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Figure 5.30: Force, F" Imposed on Gear Teeth
Case: Constrained, Internal
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Chapter 6
Atkinson Cycle Linkage Analysis
The second type of mechanism investigated was the Atkinson Cycle linkage
mechanism. Unlike the non-circular gearing mechanisms, the Atkinson Cycle linkage
will, at best, produce piston motion that is very close to, but not precisely the same as, the
desired piston motion. Since a precise solution does not exist, the synthesis technique
used here is not a pure mathematical solution to a set of equations as it was in the
kinematic synthesis of the non-circular gearing solution in Chapter 5. Instead,
optimization, which was used in the dynamic-foree-balancing section of Chapter 5, will
be used for kinematic synthesis of the linkage parameters as well as for force balancing.
6.1 Kinematics of Atkinson Cycle Linkage
A diagram of the Atkinson Cycle linkage with all of its kinematic parameters is
shown in Fig. 6.1. The mechanism is in its starting position for e = O. In its starting
position the rest of the links are still in a quite arbitrary arrangement. As was the case for
the non-circular gearing analysis, the piston trctiectory function is measured as the
distance from the origin to the piston, in the direction parallel to the piston cylinder (the
s-coordinate in Fig. 6. I). The coordinates of the piston are (s, E) in the s-E frame (E is
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Figure 6.1: Atkinson Cycle Linkage in a General Position
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Go.nstant), and (sx, Sy) in the X-Y frame. Using this system resulted in a relationship in
Chapter 5 between the parameters E and ex (Eq. (5.1»; however, since the synthesis of
this linkage can make use of only discrete parameters, it is advantageous to have as many
independent parameters as possible. This gives the mechanism more freedom and a
greater ability to match the desired trajectory. Therefore, the coordinate, E, and the angle,
ex, will be allowed to vary independently from each other.
6.1.1 Determination of the Actual Piston Motion
For a given set of the parameters in Fig. 6.1, there will be a periodic output
function defined by the piston motion for a complete rotation of the crank (Link 1), which
is the input to the mechanism. It is necessary to determine what that output is in order to
attempt to match it to the desired output. This requires solving two vector loop
equations, one for each loop of the mechanism. The two loops which will be used are
O-P1-P3-P4-O and O-P1-PZ-PS-O.
The first of these loops is the simple four-bar loop mentioned in Chapter 4. It has
the following vector loop equation:
Eq. (6.1)
Separating Eq. (6.1) into its real and imaginary parts and solving to eliminate ~ yields
b2 =(rcos e+acos<jJ - d)2 + (rsine+a sin<jJ)2 .
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Eq. (6.2)
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Figure 6.2: Four Possible Outputs from One Set of Parameters
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This equation can be solved in closed fonn for <1>(8) (see Appendix B). The second vector
loop equation is shown in Eq. (6.3).
re is + cei(~y) =Ee i(u+1tI2) + se iU + LeirJ
Solving this to eliminate 11 yields
L2=(rcos8+ccos(<I>+y)+Esina-scosa)2
+ (r sin 8 + csin (<I> +Y) - Ecos a- ssina)2
Eq. (6.3)
Eq. (6.4)
which can also be solved in closed fonn for s(8) (see Appendix B). Once the solution for
<I> is known and substituted into the solution for s, the output piston motion is fully known
as a function of 8.
The solutions of Eqs. (6.2) and (6.4) yield two functions each for <1>(8) and s(e).
This means that for an arbitrary set of parameters there are actually four output functions.
This point is illustrated in Fig. 6.2. Anyone of these four configurations can be used as
long as the direction of the individual strokes is kept in mind. For example, if the
ignition of the fuel occurs on the top side of the pistons in Fig. 6.2, then cases (c) and (d)
would be unacceptable.
6.1.2 Optimization of the Piston Trajectory
In order to optimize the piston trajectory, two things must be done: the domain of
the optimization must be determined, and an optimization goal must be chosen. The
domain of the optimization will consist of the parameters in Fig. 6.1, {r, a, b, c, d, L, E, Y,
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ex}. Added to these there will also be a phase shift, ai' of the desired plot, as well as an
amplitude shift, CA' All together this gives an eleven-dimentional domain within which
to search for an optimum output trajectory. Unlike the force-balancing optimization of
Section 5.2, the trajectory function is extremely erratic, or wavy. What this means is that
there are many local maxima and minima located throughout the domain. As a result,
there are many local solutions to the optimization of the function. However, starting the
search in a particular region of the domain is no guarantee that the forthcoming solution
will end up in the vicinity of the region.
The best way to handle this erratic behavior is to use constraint boundaries on the
domain. This insures that the search starts and ends in the same region. The use of the
constraints, actually, is not quite the same here as it was in the balancing of forces in
Chapter 5. In that situation, boundaries were used to forcibly constrain a solution to a
specific part of the domain. Often the true solution would lie outside that boundary, and
the result would be that the determined solution would lie on the boundary. In this case,
the solutions do not tend to end up on the boundary as often. The boundary just serves as
a border for the search point to bounce off of, so as to keep the optimization under
control. As a result, the precise boundary that was used may not be of importance.
However, several solutions can still lie within the boundary. Accordingly, different
starting points can still end up with different solutions within the same region.
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There are also some boundaries that need to be defined in order to maintain a real
output trajectory, Le. to avoid solutions with complex parts. The first conditions which
must be met pertain to the four-bar loop of the mechanism and are derived from
Grashofs Law which states that the sum of the shortest and longest link lengths cannot be
greater than the sum of the remaining two link lengths. For a crank-and-rocker
arrangement this yields the following inequalities:
d-r> la-bl
d+r<a+b Eqs. (6.5)
Satisfying these inequalities insures that the value of $ remains real throughout the
rotation of the crank. This, however, does not yet guarantee real values for the trajectory-
function, s(S). An additional constraint is needed.
Points P2 and P5 are the end points of Link 4. In order' for complex values to be
avoided it is necessary that the perpendicular distance from the piston cylinder to the
coupler point, P2, be less than L, the length of Link 4. This is satisfied by the following
inequality:
L > E+ Cxsina.- Cycosa.
where Cx =r cos S+c cos ($ +y)
Cy =rsin S + c sin ($ +Y)
Eq. (6.6)
The X-Y coordinates of the coupler point, P2, are given by (C.r> Cy). Equations (6.5) and
(6.6) need to be imposed on the optimizer along with any region-defining boundaries, as
discussed above.
116
The erratic behavior of the optimization function is caused, for the most part, by
the non-linearity of the output trajectory function, s(8). Of course, the trajectory plot is
not the actual function that is being minimized in the optimization process. That function
is whatever goal that is chosen for the optimizer. There are two types of goals to be
considered. Both can thought of as error functions, i.e. the error between the output
trajectory and the desired trajectory. The first is a continuous error function over the
entire period and is illustrated in Fig. 6.3. The second, shown in Fig. 6.4, is a summation
of discrete error values.
Figure 6.3 defines an error function, £(8), simply as the difference between the
desired function and the output function. For the optimization goal, a single value is
needed which can be minimized. Squaring the error and integrating gives the result
27t
G1 =J£(8)d8.
o
Eg. (6.7)
Equation (6.7) treats the function as equally important at every point in the period. This
we know to be unnecessary. Accuracy of the solution is considered most important near
the peaks. An adjustment can be made to Eq. (6.7) to allow for weighting of different
portions of the function.
n 9itl
GI =L Wj J£(8)d8
j=1 9j
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Eq. (6.8)
s(9)
Desired Trajectory
,_.- ' Error:
£(9)
Output Trajectory
9.
J
9.+1:I
9
Figure 6.3: Total Error Between Desired and Output Plots
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s(9)
Desired Trajectory
Output Trajectory
9·I 9,+t
9
Figure 6.4: Calculation of Error Using Only the Critical Points
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In Eq. (6.8) n is the number of differently weighted intervals, wj is the weighting factor
for the l interval, and the 8/s are the bounds on the intervals. One reasonable
configuration would be to select eight intervals (n = 8, four peak intervals, and four
non-peak intervals), with the w/s having alternating values of one and two, for the
non-peak and peak intervals, respectively. The resulting goal would place twice as much
emphasis on finding a good solution near the peaks as away from the peaks. At the same
time, though, the portions of the plot away from the peaks are certainly not ignored. To
completely ignore them, their weighting factors could be set to zero.
The other type of optimization goal does basically that, but not only does it ignore
points far from the peaks, it ignores all points except the peaks themselves. Figure 6.4
shows that only the errors of the four critical points are calculated. Note also that the
error at each point is not simply the difference betWeen the two plots at that point as it is
in Fig. 6.3. If the four peaks of the desired trajectory have the coordinates (8d), Sd), (8dl ,
Sdl), (8c/3' Sc/3), and (8d4 , Sd4), and the four peaks of the output trajectory have the
defined as follows:
Eq. (6.9)
In this case we and Ws are weighting factors for the respective coordinate directions.
These factors determine the relative importance placed upon stroke timing and stoke
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length, respectively. As indicated by Eq. (6.9), the optimization goal is equal to the
square error function, £/(8). Due to the discrete nature of the function, integration over
the period is not required.
Optimization toward both goals G) and Gz, will behave as discussed above. With
the application of boundaries forcing the search to remain within reasonable parameter
ranges, several acceptable solutions can be found for each goal. Some specific solutions
will be discussed in Section 6.1.4.
6.1.3 Kinematic Design Flexibility
It is possible that the flexibility of this design is only as great as the patience of
the designer. Optimizations can be tried from many different starting points. Constraint
boundaries can be set in virtually limitless combinations. Just how many local solutions
exist is unclear without a mapping of the domain (a very computer-expensive operation).
Of course, different optimization goals can be developed, resulting in a whole new set of
solutions.
Beyond this continued searching, very little flexibility exists. Since it was known
from the start that the Atkinson Cycle solution would not be precise, all of the possible
independent parameters were included in the task of producing the best match possible.
Accordingly, no addition parameters can be added to the domain without changing the
form of the mechanism considerably.
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6.1.4 Kinematic Optimization Solutions
The results of this section are rather straightforward. Several solutions were
produced for both of the types of optimization goal from Section 6.1.2. Parameter values
for solutions using Eg. (6.8) are shown in Table 6.1, and some of the corresponding plots
are shown in Fig. 6.5. Similarly, Table 6.2 contains solutions parameters produced
through the use of Eg. (6.9), and some of its plots are in Fig. 6.6. The dotted line in these
plots is the desired piston trajectory, specifically, the same trajectory seen in Fig. 3.5.
Several plots have been overlaid in these figures. Because of the amplitude shift
constant, CA, the different output plots of Figs. 6.5 and 6.6 do not actually lie in such
close proximity to each other. For ease of comparison, though, it is best to display them
as such. The values of CA in Tables 6.1 and 6.2 are constant displacements that need to
be added to the output functions of Figs. 6.5 and 6.6 in order to produce the actual
outputs in terms of their s-coordinates (measured away from point 0).
From an analysis of the plots, the approach which minimized only the peak error
(Table 6.2 and Fig. 6.6) provided better results. However, the physical configurations of
the mechanisms that these solutions produce have not been examined yet to determine
how acceptable the solutions are. From the point of view of the optimizer, the best
solution in Table 6.2 is case 4. Its optimization value is twice as small as the next closest
solution; however, examination of the solution parameters indicates a problem.
Specifically, the amplitude-shift, CA, has a value of -21.4. This is the value which needs
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Parameter Case 1* Case 2* Case 3 Case 4* Case 5
r (em) 7.89 8.04 7.04 7.71 6.99
a (em) 16.3 15.6 12.3 11-.9 12.2
b (em) 9.49 10.4 8.82 12.6 10.2
c (em) 16.1 17.3 12.9 13.4 16.5
d(em) 17.0 16.5 13.8 16.6 14.8
L (em) 20.1 16.9 17.3 19.0 16.4
E(cm) -12.8 -13.9 -15.0 -13.9 -12.4
a 122° 145° 125° 139° 121°
'Y -11.3° -26.9° -29.2° -32.3° -52.2°
8; 14.so 13.9° 190° 198° 187°
CA (em) -0.75 -12.4 -6.51 -5.92 -12.0
G1 10.6 6.77 5.04 3.89 4.09
* These solutions are plotted in figure 6.5
Table 6.1: Solution Sets for Total-Error Function Minimization
123
0.2,---r---.----r-----y----,----.--------,-,
Ell Case #1 from table 6.1
s Case #2 from table 6.1
)I( Case #4 from table 6.1
00000000000 Desired Trajectory
50 100 150 200 250 300 350
8 (degrees)
0.1
0.16
0.12
0.18
0.08L------'-__-'--__"-----_----'-__--'-__..L...-_-L-l
o
s(8) 0.14
Figure 6.5: Trajectory Solutions Using Weighted Continuous
Error Function
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Parameter Case 1* Case 2 Case 3 Case 4*
r(em) 7.31 6.71 7.70 7.24
a (em) 24.0 12.8 11.9 22.8
b (em) 7.59 8.24 12.6 7.89
c (em) 29.0 14.8 13.5 35.0
deem) 23.9 14.2 16.6 23.0
L (em) 26.5 17.7 20.1 18.7
E(em) -21.5 -13.8 -13.3 -21.2
ex. 111 ° 119° 137° 107°
'Y -28.9° -44.9° -40.0 ° -38.8°
Sj -4.53° 182° 195° -12.3°
CA (em) -7.43 -9.95 -5.98 -21.4
G2 10.1 12.1 13.3 5.44
*These solutions are plotted in figure 6.6
Table 6.2: Solution Sets for Peak-Error Minimization
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Figure 6.6: Trajectory Solutions Using Discrete Peak-Error Function
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Axes are in Meters
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Figure 6.7: Mechanism of Case 4, Table 6.2, in Arbitrary Position
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Figure 6.8: Mechanism of Case 1, Table 6.2, in Arbitrary Position
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Figure 6.9: Mechanism of Case 1, Table 6.2, in Starting Position
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to be added to the plot in Fig. 6.6, which clearly takes the plot into a negative range. The
resulting mechanism (shown in Fig. 6.7), while maybe not impossible to build, is
complicated by the proximity of all the machine elements in relation to one another.
Case 1 from Table 6.2 is somewhat better and is, therefore, the mechanism which will be
further examined. A diagram of this mechanism is shown in Fig. 6.8 (in an arbitrary
position) in which it can be seen that the piston cylinder's location is somewhat removed
from the rest of the mechanical elements. Figure 6.9 shows the same mechanism in its
starting position (8 = 8J In Figs. 6.7, 6.8, and 6.9, the mechanical elements are shown
with solid lines. Also shown are the curves traced by the coupler points, as well as the
range of motion of the piston in its cylinder. Coordinate (0,0) is the origin of the X-Y
fixed frame reference system.
6.1.5 Problems With Kinematic Solution
An obvious problem of the kinematic solution for the Atkinson Cycle Linkage is
that the piston motion does not match the desired motion precisely. Depending on how
close the peaks of the output are away from the desired points, this mayor may not be a
serious problem. Also, as was shown in the previous section, the best solutions in theory
may not make practiCal, or even possible, mechanisms. The only alternative to these
problems is to continue searching. As stated in Section 6.1.3, many solutions exist, and a
better one may yet remain undiscovered.
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Another problem has to do with mechanical member size. Whereas in Chapter 5
it was found that some of the members tended to be too small, here the members tend to
be a bit on the large side, at least for the better solutions. The concern here is simply a
matter of space. Size and positioning of the members were not considered in the
optimization. As a result, the link lengths could be smaller simply to keep the size of the
engine down. Of course, it is possible that this too could be solved simply by continuing
to search until a more satisfactory solution is found.
6.2 Force Analysis of Atkinson Cycle Linkage
As was carried out in Chapter 5, once an acceptable kinematic solution has been
chosen, a dynamic force analysis is needed. The positions and accelerations of the
mechanical members must be determined, to be followed by the solving for the joint
forces. Some of the kinematic values which are needed to complete this analysis were
not derived in Section 6.1 because they were not relevant to the actual kinematic solution.
Derivations for these particular values, which will be identified, are located in Appendix
B.
6,2,1 Determination of Motion and Acceleration of Members
A diagram of the Atkinson Cycle linkage with mass members and the
corresponding additional balancing masses is shown in Fig. 6.10. Again, we are
analyzing the mechanism for a constant engine speed:
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Figure 6.10: Atkinson Cycle Linkage With Mass Members and
Balancing Masses
.. cPsS=-=o
dt2 Eq.(6.10)
The inertia of Link 1 is, therefore, irrelevant. The four link members all have unbalanced
masses, respectively mn me' mb' and mL• The relevant inertias about their respective mass
centers are Ie, Ib, and IL• Once again, the piston is considered a point mass, mp' For this
mechanism four balancing masses, ml' m2' m3, and m4, will be attached respectively to the
members, Links 1, 2, 3 and 4. The inertias and centers of gravity are changed by these
balancing masses and, therefore, must be determined. The accelerations of the centers of
gravity are then calculated for use in the force equations.
The analysis of Link 1 is nearly identical to that of Link 1 from Chapter 5 (refer to
Section 5.2.1). The resulting combined center of gravity of Link 1 is shown in Fig. 6.11.
Its location is given by the following X-Y coordinates:
r;, cosS+m\rlcos(S+Sml)
Xr= rcgcos Ar =-=----------
mr+m\
The corresponding accelerations are found from the second derivatives:
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Eq. (6.11)
Eq. (6.12)
Eq. (6.13)
Eq. (6.14)
.,
/
i
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!
Figure 6.11: Locating the Center of Gravity of Link 1
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Figure 6.12: Locating the Center of Gravity of Link 2
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x
Figure 6.12 shows the combined center of gravity of Link 2. Link 2 is similar to
Link I, except that it does not have a constant rotation speed, and its center of rotation is
displaced horizontally from the origin by a distance, d (the length of the fixed link). The
coordinates of the center of gravity are given by the following expressions:
Eq. (6.15)
Eq. (6.16)
Taking the time derivatives yields a somewhat more complicated expression than it did
for Link 1 since the second derivative of Pis not zero.
Qbx =
Eq. (6.17)
Eq. (6.18)
An expression for Pcan be derived from the same loop equation from which <p was found,
as shown in Appendix B. The derivatives of Pwith respect to e are determined by the
central-difference numerical technique. It can also be shown (Appendix B) that the
combined inertia of Link 2 and mass m2 about the center of gravity is
Eq (6.19)
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Locating the center of gravity of the coupler is a bit more complicated due to its
general triangular shape. Figure 6.l3(a) defines the location of mass me at the geometric
center of the triangle, while Fig. 6.13(b) locates the combined center of gravity once the
balancing mass, m3' is added. The coordinates of me are given by
rme = tJe2 +a2 +2ea cos y
and
( esiny )c!> me = arctan .ecosy+a
Eg. (6.20)
Eg. (6.21)
These local coordinates are fixed on the coupler. Likewise, the coupler-coordinates ofthe
center of gravity are given by the following:
where
c!>el =arctan (~: )
Ax = mC~ml (tmc(ecosy+a)+m3r3cosc!>3 )
Ay =mc~ml(tmeeSiny+m3r3sinc!>3)
Eg. (6.22)
Eg. (6.23)
The global X-Y coordinates for the center of gravity of the coupler can now be expressed
as:
Eg. (6.24)
Eg. (6.25)
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Figure 6.13: Locating the Center of Gravity of the Coupler
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The variables 'c2' ~c2 , 'c), and ~c), as well as Eqs. (6.20) through (6.23), will be used in
the force detenninatioQ section, Section 6.2.2. The coordinates 'c2' ~c2 , 'c), and ~c) are
derived in Appendix B. Second derivatives in time of Eqs. (6.24) and (6.25) yield the
acceleration components of the center of gravity of the coupler.
. 2 [ (tP~ . (d~)2 )]Q cx =-8, ,cos8+,c1 d82 sm(~+~cl)+ d8 cOS(~+~c1)
Also the inertia of the coupler about the center of gravity is given by
the derivation of which is located in Appendix B.
Eq. (6.26)
Eq. (6.27)
Eq. (6.28)
As in Chapter 5, the balancing mass, m4, of Link 4 is being confined to the
longitudinal axis of the link. The distance coordinates are measured positive from point
P2 toward point Ps as shown in Fig. 6.14. The coordinate of the center of gravity, L*, is
given by
L' =mL'L+m4'4 .
mL+m4 Eq. (6.29)
The global X-Y coordinates of the center of gravity ofUnk 4 are give by the following:
XL =,cos8+ccos(~+y)-L'cos11
YL =, sin 8 + csin (~ + y) - L•sin 11
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Eq. (6.30)
Eq.(6.31)
yFigure 6.14: Locating the Center of Gravity of Link 4
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An expression is needed for 11 in these equations which can be found using the same loop
equation which was employed to find the output function s(8) (see Appendix B). Again,
second derivatives in time are needed, and they are given below.
. 2. [ (d24J (d4J )2 )]aLx =-6 rcos8+c d8 2 sin (<j>+y)+ d8 cos (<j>+y)
_6
2
L' ( ~; sin 11 +(: ) 2cos 11 )
. 2 [ (~4J (d4J )2 )]a Ly =-6 r sin 8 - c dB2 cos (<j> + y) - d8 sin (<j> + y)
2 (d211 (drl)2)+ 8 L' dB2 cos 11 - dB sin 11
The total inertia about the center of gravity is given by
Eq. (6.32)
Eq. (6.33)
Eq. (6.34)
The only remaining dynamic motion quantities that are still needed are that of the
piston and also the angular accelerations of the various members. The piston's position is
already known from the output function s(8). It's acceleration is found using central
difference approximations to the second derivative in 8.
Eq. (6.35)
The angular acceleration is zero for Link 1 and for the piston, but it is non-zero for the
other members:
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p . 2 d2~C1.b= = e d82
~ ·2 d
2$
Eqs. (6.36)C1.c = = e de 2
. 2 ~1l
C1.L= 11 = e d82
All of these derivatives are found using central difference approximations. With all the
positions, accelerations, and inertias detennined, the force and moment equations can
now be derived.
6.2.2 Balancing: Force Determination and Minimization
Our goal here is to minimize all the forces that are applied to the fixed frame. In
Chapter 5, this required detennining the reaction forces at point 0 (crank shaft) and also
the side-wall forces on the piston cylinder. Those forces are needed here as well, but
there is also an additional joint connected to the fixed frame at point P4' As force
components, this results in five values to be minimized. To find these the entire system
of forces for the mechanism will be solved. As in Chapter 5, piston cylinder friction will
be neglected.
In this system there will be fourteen unknowns: twelve joint-force components
and the source torque, Ts• Three equations for each link and two for the piston yields
fourteen equations; however, just as in Chapter 5, it will be possible to solve these
equations in smaller sets rather than all fourteen at once.
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Figure 6.15: Free Body Diagrams of Piston and Link 4
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Figure 6.16: Free Body Diagrams of the Coupler, Link 1, and Link 2
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Figure 6.15 shows free body diagrams of the piston and Link 4. The two force
equations for the piston are given here in directions parallel and perpendicular to the
piston cylinder.
-Fsxsina+Fsycosa+FN =0
Fsxcos a+ Fsysina =mpap
The X-Y force component equations for Link 4 are given by the following:
F2x - Fsx=(mL +m4)aLx
F2y-Fsy =(mL +m4)aLy
Eq. (6.37)
Eq. (6.38)
Eq. (6.39)
Eq. (6.40)
Finally, the moment equation about Link 4's center of gravity is given here to finish off
the first subset of equations.
Eq. (6.41)
Equations (6.37) through (6.41) actually form the exact same set as the first subset in
Section 5.2.2. Forces Fa and F2y can be considered knowns in the next set of equations.
Figure 6.16(a) shows a free body diagram of the coupler with coordinates defining
the location of the center of gravity with respect to each of the joints: (rcl , <!>cl), (re2, <!>e2),
and (re3 , <!>e3)' These coordinates are to be used in the moment equation. The first set, (re],
<!>cl), was defined in Section 6.2.1. The other two are defined in Appendix B. The X and
Y force component equations are found to be simply the following:
F1x-F2x+F3x =(m e+m3)acx
Fly - F2y + F3y =(me +m3)acy
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Eq. (6.42)
Eq. (6.43)
The moment equation, using the previously specified local coordinates attached to the
coupler, is given by Eq. (6.44).
Flxrcl sin (<I> + <l>cl) - Flyrcl cos (<I> + <l>cl)
-Farc2sin (<I> + <l>c2) +F2yrc2COS (<I> + <l>c2)
+F3xrc3 sin (<I> + <l>c3) - F3yrc3COS (<I> + <l>c3) =Iccgu c
Eq. (6.44)
Equations (6.42) through (6.44) have four unknowns: FIx, FlY, F3x, and F3y' This is one
more unknown than equations; however, note that in Fig. 6.16(c), Link 2 will contribute
only two more unknowns but three additional equations. Hence, the forces on the coupler
and Link 2 will form a six-by-six subset of the total fourteen equations. The force
equations for Link 2 are as follows:
The moment equation for Link 2 is given by the following (refer to Fig. 6.12):
F4xbcgsinAb -F4ybcgcOSAb
+F3x(b sin B- bcgsin Ab) - F3y(b cos B- bcgcos Ab) =IBcgub
Eq. (6.45)
Eq. (6.46)
Eq. (6.47)
Once Eqs. (6.42) through (6.47) are solved, forces FIx and Fly can be considered knowns
in the last subset of equations.
Figure 6.16(b) shows the free body diagram of the last remaining member, Link 1.
The two force equations for this member are dynamic, while the moment equation is
static (no angular acceleration).
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FOx -Fix =(mr+ml)a rx
FOy -Fly =(mr+ml)ary
~(FlxSin e- FlyCOSe +Foxsin e- FOycos e) + Ts =0
Eq. (6.48)
Eq. (6.49)
Eq. (6.50)
With these last three equations all the dynamic forces of the linkage can be found. As in
Chapter 5, the size and complexity of the system combined with the desired form of the
result make a direct symbolic solution impractical. For any given value of ea 14x14 size
algebraic system needs to be solved, and can be done numerically. With the breakdown
into subsets described above, matrix algebra' on the computer handles this nicely.
Solutions are given in sections 6.2.4 and 6.2.5.
Now that the relevant forces have been determined, once again our attention can
be turned to minimizing them. For this mechanism the forces which need to be
considered are FoX' Foy, F4x, F4Y' and FN• These are the forces which have direct contact
with the fixed frame and are, therefore, the forces we wish to minimize. In this case, our
seen in Chapter 5, we may use all of the parameters freely, hold a few fixed, or impose
constraint boundaries on their values.
~ith more forces to ~inim~e, the number of different optimization goals that
could be used increases. The best, though, still uses a combination of bearing force
reduction and shaking force reduction. Unlike the trajectory optimization, the balancing
optimization goals tend to be smoother, with fewer maxima and minima, as was the case
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in Chapter 5. This makes finding the best solution much easier. The goal which will be
used here is give in Eq. (6.51).
21t
Gf= J[F~x+ F~+~x +F~y+ F~+ CFNsina-Fox-F4x )
o
6,2.3 Balancing Design Flexibility
Eq. (6.51)
As in Chapter 5, the flexibility in the balancing design consists mainly of the
treatment of the domain of the optimization goal, Gj , i.e. definition of the domain, use of
constrained optimization vs. free optimization, choice of constraints, etc. Again, it would
be ideal not to need constraints, however, truly free optimization can always cause
problems.
___ The Atkillson Cycle)i~~ge, ~o_n~iningmore discrete machine elements, has a . _
larger domain to start with than the non-circular gearing mechanism. This in itself gives
added freedom, but, at the same time, it causes the solution to be that much more difficult
to be determined due to increased complexity. As pointed out in Chapter 5, though, there
is an inverse relationship between the parameters m l and r J• Comhining Eqs. (6.13) and
(6.48) as well as Eqs. (6.14) and (6.49) we see that the only occurrence of these
parameters is as the product m1rl . Accordingly, mass ml will be given a constant value
while radius r l will be allowed to vary. The next section gives examples of unconstrained
and constrained solutions for the specific kinematic solutions given in Section 6.1.4.
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6.2.4 Unconstrained and Constrained Balancing Solutions
Specific cases are given in this section for both constrained and unconstrained
balancing optimization. Again, all balancing calculations and examples in this section
are done for an engine speed of 3000 rpm, which corresponds to a crank rotation of 1500
rpm (see Chapter 2). This and the other constant values (machine element masses and
inertias) are given in Table 6.3. The mechanism being balanced corresponds to Case 1 in
Table 6.2. The boundaries applied to the constrained optimization are given in Table 6.4.
The results of balancing are given in Table 6.5 and Figs. 6.17 through 6.21.
Figures 6.17 and 6.18 show polar plots of the unconstrained and constrained
(respectively) balanced bearing forces at point 0 plotted along with the unbalanced
forces. Similar plots of balanced and unbalanced forces for point P4 are shown on Figs.
6.19 and 6.20. Piston cylinder forces are shown in Fig. 6.21. From Figs. 6.17 and 6.19, it
is clear that a good deal of minimization is gained from balancing. These, however, are
the unconstrained solutions, which, from the data in Table 6.5, are unacceptable. There is
some gain in the constrained solution but not nearly as much as in the unconstrained.
Up to this point, most of the concentration has been placed on the resulting
bearing forces. Recall, though, the optimization goal contains an expression for
minimizing total shaking forces on the engine as well as for the bearing forces. An
interesting observation from Figs. 6.17 and 6.19 is that in both, for a small portion of the
rotation cycle the forces get much larger than during the rest of the cycle. Note also that
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Figure 6.17: Bearing Forces at Point 0: Unconstrained Optimization
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Figure 6.19: Bearing Forces at Point P4: Unconstrained Optimization
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Figure 6.20: Bearing Forces at Point P4: Constrained Optimization
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mass of piston, mp 0.4 kg
mass ofLink I,m, , 0.3 kg
mass of Link 2, mo 0.4 kg
mass of Link 3, me 1.0 kg
mass ofLink 4, mL 1.0 kg
inertia of Link 2, 10 0.000192 kg_m2
inertia of Link 3, Ie 0.00449 kg-m2
inertia of Link 4, h 0.0140 kg-m2
d81dt 1500 rpm = 50n radls
Table 6.3: Constant Values Used in Balancing
Equations for Atkinson Cycle Linkage
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Lower Limit Upper Limit
coordinate '1 O.Ocm 30.0 cm
coordinate 8ml none none
mass m2 0.0 kg 3.0 kg
coordinate '2 O.Ocm 30.0 cm
coordinate ~2 none none
mass m3 0.0 kg 3.0kg
coordinate '3 O.Ocm 1.1(a +c)/2
coordinate <1>3' Y< 0 -y 0.00,
coordinate <1>3' Y> 0 0.0
0
Y
mass m4 0.0 kg 3.0 kg
coordinate '4 -L/3 L
Table 6.4: Optimization Parameter Constraints
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Unconstrained Constrained
mass mJ 3.0 kg (set) 3.0 kg (set)
coordinate r I 571 em 14.43 cm
coordinate eml 180
0 181 0
mass m2 27.8 kg 3.0 kg*
coordinate r2 3.9cm 4.1 cm
coordinate ~2 91.90 111 0
mass m3 232 kg 3.0 kg*
coordinate r3 -2.6 cm 0.0 cm*
coordinate <1>3 40.4
0
-27.40
mass m4 7.4 x 10-5 kg 0.0 kg*
coordinate r4 4047 cm 26.3 cm
Opt. Value, Gj 2.61 ** 19.9**
* Indicates parameter on its constraining boundary
** Compare with Gjfor unbalanced mechanism: 30.7
Table 6.5: Balancing Solutions
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these "surges" of the bearing forces have a direction in Fig. 6.17 approximately opposite
of the direction in Fig. 6.19. During the same portion of the rotation cycle, these larger
forces occur, and from the point of view of the overall shaking force on the engine, they
cancel each other out somewhat.
Another interesting observation is that the optimization procedure with the overall
better solution (unconstrained) has considerably worse piston cylinder forces (Fig. 6.21).
This is caused by the very small mass, m4, located an incredible forty meters (r4) along
4
the direction of the connecting rod. The constrained optimization results for the
cylinder-forces, on the other hand, are equal to the forces of the unbalanced solution
(shown in Fig. 6.21). This is caused, as in the non-circular gearing analysis, by vanishing
masses, i.e. balancing masses that have optimized to zero. Again one of the balancing
masses, m4, the mass on the connecting rod, has optimized away. This is the same mass
that went to zero in Chapter 5. In away, this is understandable since the connecting rod
does not make complete rigid-body rotations about any point.
The coupler does not make complete rigid-body rotations, however, the point
where the optimizer has chosen to place balancing mass m3 is on the end of the crank,
which does rotate completely about point O. The other two links (the crank and the
rocker) are connected to the fixed frame by pivots. Clearly, these pivots are the points
about which balancing would take place. The results of 8ml = 181 0 and ~2 = 111 0 from
Table 6.5 show this as well, especially 8ml which places m l on the side of the pivot
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directly opposite of its link. Mass m I not only has the job of balancing mass me but it also
has to balance mass m3 as well.
6.2.5 Problems With Balancing Solutions
As in Chapter 5, the number of parameter values which ended up on their
constraining boundaries indicates that a true minimum most likely does not exist in or
near the constrained area of the domain. Unfortunately, the balanced result, therefore, is
not a significant improvement over the unbalanced solution. Some of the bearing forces
do get rather large. The force "surges" on the joints at points 0 and P4, which may cancel
each other out when determining the shaking force, are quite excessive for that small
portion of the cycle. Also, the fact that they occur over such a small portion of the cycle
means that they have a short duration. Short durations combined with large changes in
magnitude create large jerks that could contribute to metal fatigue in the linkage.
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Chapter 7
Conclusions
7.1 Summary
The purpose of this thesis was to investigate the different kinds of mechanisms
that are able to produce the optimum piston motion in an internal combustion engine to
achieve the highest possible engine efficiency. It was shown in Chapter 2 how the
optimum piston trajectory does, indeed, differ from that of a conventional engme,
wherein all four of the strokes are equal in length and duration.
It was seen that several specific mechanisms had the necessary characteristics, but
three of them, in particular, showed the most promise: the internal 3:1 ratio non-circular
gearing system, the external I: 1 ratio non-circular gearing system, and the Atkinson
Cycle linkage. In Chapter 5 an approach was found for determining the kinematic
solutions to the non-circular gearing systems. Actual solutions were determined and were
found to be theoretically acceptable. In Chapter 6 an optimization procedure was utilized
to determine the kinematic solutions to an Atkinson Cycle linkage system. Several
acceptable solutions were found, and it is possible that several more remain, yet to be
discovered.
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For both of these types of mechanisms, mass-balancing was attempted, with
moderately acceptable results. For both cases, improvements were indicated through the
use of mass-balancing. However, necessary physical, size and mass constraint
boundaries which were imposed on the balancing parameters limit the unbalanced from
further improvements.
7.2 Recommendations for Future Work
A great deal of potential exists for future research in this area. As stated in
Chapter 1, a successful solution to the problem addressed in this thesis does not constitute
reaching the final goal. The ultimate goal is the variable stroke engine described in
Section 1.2. Quite a bit of work still needs to be done before this goal is reached.
There are several suggestions for future work that will aid In the eventual
realization of the variable stroke engine:
1) Advantage should be taken of all the possible kinematic design variables in the
non-circular gearing systems, e.g. remove the dependent relationship that exists
between the parameters E and a, such that both are independent, thus increasing
the flexibility of the design.
2) The piston cylinder orientation can be optimized to achieve the lowest possible
friction forces, or to achieve whatever goal, or combination of goals, is deemed
most important.
3) There still remain a large number of solutions to the kinematic optimization of the
Atkinson Cycle linkage which have not been found. Some of these may prove
better than the solutions presented in Chapter 6.
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Appendix A
Derivations of Non-Circular Gearing Equations
Appendix A contains detailed derivations to selected equations from Chapter five.
All nomenclature from that chapter retain the same symbolic meanings. Derivations for
Section 5.1 appear in Section A.l; likewise the derivations for Section 5.2 appear in
Section A.2.
A.I Kinematic Equations
A.I.l Derivation orand Solution to Eq. (5.18)
Eq. (5.18) is formed directly from Eqs. (5.16) which can be derived from a vector
loop equation utilizing Euler's Formula:
eix =cosx+isinx Eg. (A.I)
The vector loop equation proceeding from point 0 to PI to P2 to P3 and back to 0 has the
polar coordinate form
Eg. (A.2)
Separation of Eq. (A.2) into its real and imaginary parts yields Eqs. (5.16). These
equations are repeated here for convenience.
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Sx = -ccos 8 - dcos (8 -I\» - Lcosy
Sy = -c sin8 - dsin (8 -I\» - L siny
Eq. (5.16a)
Eq. (5.16b)
Isolating the L terms on one side, squaring, and adding the two equations gives
L2= [sx + ccos 8+ dcos(8 _1\»]2 + [Sy +csin 8 + dsin(8 _1\»]2 Eq. (A.3)
which becomes Eq. (5.18) once the coordinate transformations have been substituted for
Sx and Sy. Equation (AJ) can be expanded and recombined to take the form
where the constants Cl> C2, and C3 are defined as follows:
Cl =2d(sxcos8+sysin8+c)
C2 =2d(sxsin8 -sycos8)
C3 = s; +s; +c2 + d2 - L2 + 2c(sxcos8 +sysin8)
Eq. (A.4)
Eqs. (A.5)
The solution of Eq. (A.4) can be found by the half-tangent substitution metho~.
First, we define the substitution variable, u:
U=tan~
2 Eq. (A.6)
Making use of the following trigonometric identities, the sine and cosine of I\> can be
defined in terms of u.
cj> sin I\>
tan-= ,
2 1+coscj>
Eqs. (A.7)
',+, 2u~sm'l'=--'
1+ u2
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l-u2
cosl\>=--
1+u2
Eqs. (A.8)
Substitution ofEqs. (A.8) into Eq. (A.4) with some rearranging yields a quadratic form.
U2(C3 - C1)+ U(2C2) + (C3 - C\) =0 Eq. (A.9)
The quadratic formula yields the solution for u, and then after re-substituting back for ~,
the complete solution is
Eq. (A.1O)
A. 1.2 Derivation of Eqs. (5.17): Coordinate Transformation
If two coordinate systems, X-Y and s-E, are related to each other by a simple
rotation angle, a, measure from the first system to the second, then the coordinate
transformation from s-E coordinates to X-Y coordinates is given by the following:
Sx =scosa- Esina
Sy =ssina+Ecosa
Substituting Eq. (5.1) into Eqs. (A. 11) and (A. 12) yields
Sx =S cos (arctan (~ ) ) +E sin (arctan (~ ) )
Sy =-s sin (arctan (~ ) ) + Ecos (arctan (~ ) )
Eq. (A.II)
Eq. (A.12)
Eq. (A.13)
Eq. (A.14)
Simplification ofEqs. (A.B) and (A. 14) results in the forms given in Eqs. (5.17).
Eq. (A.15)
Eq. (A. 16)
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A.2 Balancing Force Equations
A.2.1 Center of Grayity Location of the Crank and its Balancing Mass
This section presents the derivations of Eqs. (5.20) and (5.21). Refer to figure
5.17. For this derivation, the distance between masses me and m1 will be represented by
the symbol del' Using a vector loop equation (see Section A.1.l) from point 0 to mass
ml , to mass me, and back to 0, the following two component equations are formed:
del cos ~ = i cos8 +rl cos (8 + 8ml )
dclsin~= isin8+rISin(8+8ml)
Eq. (A17)
Eq. (A18)
A second vector loop equation going from point 0 to mass ml , to the center of gravity,
and back to point 0 yields two more component equations.
Eq. (A19)
Eq. (A.20)
n
Direct substitution of Eqs. (A. 17) and (A.18) into (A19) and (A.20) yields the following
result:
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With some rearranging ofEqs. (A2I) and (A22), we have, repeated here, Eqs. (5.20) and
(5.21).
_c;c cosO+mjrlcos(O+Oml)
Xc =rcgcos A=---="-----------
mc+ml
. _c;c sinO+mlrlsin(O+Omd
Yc = rcgsm A= --'=-----------
mc+ml
Eg. (5.20)
Eg.(5.2I)
A.2.2 Defining the Tangent to the Gear at the Rolling Contact Point
This section derives Egs. (5.48) of Chapter 5, which define the slope of the
tangent to the gear at the rolling contact point as a function of O. Figure Al shows the
radius function R) and the tangent at the rolling contact point; however, RJ(O) is a polar
function. Let us define a Cartesian version of the same function and call it gJ(x). One
relationship between the two functions is
Taking the derivative we get
Since R) is a function of8, we use the chain rule:
dR) dR I dO
dx = de dx
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Eg. (A23)
Eg. (A24)
Eg. (A.25)
g(x)
o x
Rolling Contact
Point
Figure A.I: Radius Function R1and Tangent Angle ~
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We now note an expression for 8:
tan (S-1t) = tanS = ~ => S = arctan ~x x
The derivative with respect to x must be taken for use in Eq. (A.25).
Now, substituting Eqs. (A.25) and (A.27) into Eq. (A.24) yields
Eq. (A.26)
Eq. (A.27)
Eq. (A.28)
which needs to be solved explicitly for dg/dx. Noting that dg/dx is the slope of the
tangent line, we make the connection with the angle, s:
From Eq. (A.29), the sine and cosine ofSare found:
Eq. (A.29)
sins=
8 1 dR I • 8cos +R;"~sm
, COSs =
-l..(dRI )2 + 1
R~ dB
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1 dR 1 S . S
--cos -smRI dB
-l..(dRI)2 + 1
R~ dB
Eqs. (5.50)
Appendix B
Derivations of Atkinson Cycle Linkage Equations
Appendix B contains detailed derivations to selected equations from Chapter 6.
All nomenclature from that chapter retain the same symbolic meanings. Derivations for
Section 6.1 appear in Section B.1; likewise the derivations for Section 6.2 appear in
Section B.2.
B.t Kinematic Equations
RI.I Expressions for <1>(8) and (i(ft)
Both of the angles ~ and ~ can be solved for from the same vector loop equation,
Eq. (6.1), repeated here:
Eq. (6.1)
When solving for each one of the two angles the other must be eliminated by combining
the two equations (real and imaginary) into one. For~, the equation is given in Eq. (6.2):
b2=(rcose+acos~ _d)2 + (r sin e +asin~)2
For ~, the equation is given by the following:
a2 =(d+ bcos ~ - r cos e)2 + (b sin ~ - r sin e) 2
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Eq. (6.2)
Eq. (B.1)
,Both Eqs. (6.2) and (B.I) need to be solved using the half-tangent method
introduced in Section A.I.I. Starting first with ~, we must rearrange Eq. (6.2):
where CqJl =r2+a2+cP-b2-2rdcosS
CqJ2 = 2a(r cos S - d)
CqJ3 = 2ar sin S
Eq. (B.2)
Eq. (BJ)
Application of the half-tangent solution method uses the following substitutions:
~u=tan-2
. 2u I-u2sm~=-- cos~=--
1+u2 ' 1+u2
Substituting Eqs. (B.4) and (B.5) into (B.2) yields the following:
CqJI (l + u2)+ C~2(l- u2)+ 2CqJ3U=
U2(C~1 - C~2) + U(2C~3) + (C~I + C~2) = 0
Eq. (B.4)
Eq. (B.5)
Eq. (B.6)
Solving the quadratic in u of Eq. (B.6) yields the following solution after re-substitution
for u:
_ [-C~3 ± JC~3 + C~2 - C~I ].~ - 2 arctan C C
~I - qJ2
Eq. (B.7)
A similar rearrangement of Eq. (B. 1) gives the following simplified form:
where CPI =r2-a2+d2+b2+2rdcosS
CP2 =2b(d-rcosS)
CP3 = -2brsinS
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Eq. (B.8)
Eq. (B.9)
Applying similar half-tangent substitutions yields another quadratic equation. Since the
form of Eq. (B.8) is exactly the same as that of Eq. (B.2), the solution to ~ has the same
form as tj>.
Eq. (8.10)
B.l.2 Expressions for see) and nee)
The solution here is virtually the same as in the last section; however, a new
vector loop equation is used.
Eq. (6.3)
The angle tj> in this equation is considered known. The only unknowns are s and TJ.
Solving Eq. (6.3) to eliminate TJ yields Eq. (6.4):
L2 = (rcos8+ ccos(tj>+y) +Esina.-seosa./
+ (r sin 8 + c sin (tj> + y) - Ecos a. - s sin a./
Eq. (6.4)
The half-tangent method is not needed to solve this equation, but a quadratic form still
results.
where C5J =rcos8+ccos(tj>+y)+Esina.
C52 = r sin 8 + c sin (tj> + y) - Ecos a.
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Eq. (B.ll)
Eq. (B.12)
After solving the quadratic in s of Eq. (B.1l), with some rearrangement the following
result is found:
Eq. (B.13)
Now, to solve for 11 we must eliminate s from Eq. (6.3). This results in the
following equation (using the same constants defined in Eq. (B.12»:
Eq. (B.14)
The half-tangent method will be needed for this solution. Substituting suitable versions
ofEqs. (B.5) and rearranging yields
U 2«CsI -L)sina-Cs2cosa)
+u(-2Lcosa)+ «Cs1 +L)sina-Cs2cos a) =0 Eq. (B.15)
which when solved (and when the reverse substitution of u is applied) yields the
following solution:
[
Lcos a ±JL2- (Csi sin ri - Cs2COS a)2 )
11 =2 arctan .(Cs1 -L)sma-Cs2cosa
B.2 Balancing Force Equations
B.2.llnertia ofMasses About Combined Centers of Gravity
Eq. (B.16)
To facilitate finding the combined inertia of the mass members, it is beneficial to
derive a general formula for the combined inertia of two massive bodies about their
combined center of gravity. Figure B.l shows two general bodies with the properties mQI
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yx
Figure B.t: Two General Massive Bodies With a Combined C.O.G.
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and l Q1 for the first body and mQ2 and l Q2 for the second. The masses have individual
centers of gravity at the points QI and Q2' and their individual inertias are about those
points. The distances z, and Z2 are proportional to the masses in the following way:
Eqs. (B.17)
The total inertia, lc~, is given simply by the parallel axis theorem:
Eq. (B.I8)
Substituting Eqs. (B.I7) into Eq. (B.18) yields
Eq. (B.I9)
or in terms of the point coordinates
Eq. (B.20)
The quantity in brackets is simply the square of the distance between points QI and Q2.
For a specific case, referring to Fig. 6.11, it is also the side of a triangle whose
corresponding opposite angle is ~2. The other two sides are r 2 and b/2. Finding the third
side by use of the law of cosines and replacing the quantities in Eq. (B.20) with those
from link b yields Eq. (6.19).
Eq. (6.19)
The analysis is almost precisely the same for the coupler:
Eq. (6.28)
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B,2,2 Local, Coupler-Fixed Center of Gravity Coordinates
This section derives the coordinates fixed to the coupler of the combined center of
gravity of the coupler, i.e. (re2, <l>e2) and (re3 , 4>e3) given the known coordinates (reI' 4>el)'
These are derived quite easily from simple vector loop equations.
Eq. (B.21)
Eq. (B.22)
The solution is rather straightforward. Equation (B.21) is solved to yield Eqs. (B.23) and
(B.24), and Eq. (B.22) is solved to yield Eqs. (B.25) and (B.26).
• '" • 2 ('" 2r c2 = (rc\ SIll ,!,cl -CSllly) + rc\cos'!'c) -ccosy)
(
rc\ sin 4>c\ - Csin y )
<l>c3 = arctan '"rc\cos'!'c) -ccosy
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Eq. (B.23)
Eq. (B.24)
Eq. (B,25)
Eq. (B.26)
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